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Reducibility proofs in the \-calculus

Fairouz Kamareddine, Vincent Rahli and J. B. Wells*

Abstract. Reducibility has been used to prove a number of properties of the A-calculus and is well
known to offer on one hand very general proofs which can be applied to a number of instantiations,
and on the other hand, to be quite mysterious and inflexible. In this paper, we look at two related but
different results in A-calculi with intersection types.

1. We show that one such result (which aims at giving reducibility proofs of Church-Rosser,
standardisation and weak normalisation for the untyped A-calculus) faces serious problems
which break the reducibility method and then we provide a proposal to partially repair the
method.

2. Then, we consider a second result whose purpose is to use reducibility for typed terms in order
to show the Church-Rosser of 3-developments for the untyped terms (and hence the Church-
Rosser of G-reduction). In this second result, strong normalisation is not needed. We extend
the second result to encompass both G7- and On-reduction rather than simply G-reduction.
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1. Introduction

Based on realisability semantics [Kle45], the reducibility method has been developed by Tait [Tai67] in
order to prove the normalisation of some functional theories. The idea is to interpret types by sets of
A-terms closed under some properties. Krivine [Kri90] uses reducibility to prove the strong normalisa-
tion of system D. Koletsos [Kol85] proves that the set of simply typed A-terms has the Church-Rosser
property. Gallier [Gal97, Gal03] uses some aspects of Koletsos’s method to prove a number of results
such as the strong normalisation of the A-terms that are typable in systems like D or DS2 [Kri90]. In par-
ticular, Gallier states some conditions a property needs to satisfy in order to be enjoyed by some typable
terms under some restrictions. Similarly, Ghilezan and Likavec [GLO02] state some conditions a property
on A-terms has to satisfy in order to be held by all A-terms that are typable under some restriction on
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types in a type system which is close to D). Additionally Ghilezan and Likavec state a condition that
a property needs to satisfy in order to step from the statement “a A-term typable under some restrictions
on types holds the property” to the statement “a A-term of the untyped A-calculus holds the property”. If
successful, the method designed by Ghilezan and Likavec would provide an attractive method for estab-
lishing properties like Church-Rosser for all the untyped A-terms, simply by showing easier conditions
on typed terms. However, we show in this paper that Ghilezan and Likavec’s method fails for the typed
terms, and that also the step of passing from typed to untyped terms fails. We outline the obstacle we
faced when trying to repair the first result and explain how far we have been able to go in our attempt to
repair this first result (we reach a similar result to one already obtained by Ghilezan and Likavec). The
second result seems unrepairable. Ghilezan and Likavec also present a weaker version of their method
for a type system similar to system D, which allows using reducibility to prove properties of the terms
typable by this system, namely the strongly normalisable terms. As far as we know, this portion of their
result is correct. (They do not actually apply this weaker method to any sets of terms.)

In addition to the method proposed by Ghilezan and Likavec (which does not actually work for the
full untyped A-calculus), other steps of establishing properties like Church-Rosser (also called conflu-
ence) for typed A-terms and concluding the properties for all the untyped A-terms have been successfully
exploited in the literature. Koletsos and Stavrinos [KS08] use reducibility to state that the A-terms that
are typable in system D hold the Church-Rosser property. Using this result together with a method
based on (-developments [Klo80, Kri90], they show that S-developments are Church-Rosser and this
in turn will imply the confluence of the untyped A-calculus. Although Klop proves the confluence of
(B-developments [BBKV76], his proof is based on strong normalisation whereas the Koletsos and Stavri-
nos’s proof only uses an embedding of 3-developments in the reduction of typable A-terms. In this paper,
we apply Koletsos and Stavrinos’s method to G1-reduction and then generalise it to G7-reduction.

In section 2 we introduce the formal machinery and establish the basic needed lemmas. In section 3
we present the reducibility method used by Ghilezan and Likavec and show that it fails at a number of
important propositions which makes it inapplicable to the full untyped A-calculus, although a version
of their method works for the strongly normalisable terms. We give counterexamples which show that
all the conditions stated in Ghilezan and Likavec’s paper are satisfied, yet the claimed property does
not hold. In section 4 we give some indications on the limits of the method. We show how these
limits affect the salvation of the method, we partially salvage it and we show that this can now be
correctly used to establish confluence, standardisation and weak head normal forms but only for restricted
sets of lambda terms and types (that we believe to be equal to the set of strongly normalisable terms).
We also point out some links between the work done by Ghilezan and Likavec and the work done by
Gallier. In section 5, we introduce the reducibility semantics for both 37- and 3n-reduction and establish
its soundness. Then, we show that all typable terms satisfy the Church-Rosser property. In section 6
we adapt the Church-Rosser proof of Koletsos and Stavrinos [KS08] to 3I-reduction. In section 7 we
non-trivially generalise Koletsos and Stavrinos’s method to handle (n-reduction. We formalise (-
residuals and On-developments in section 7.1. Then, we compare our notion of 3n-residuals with those
of Curry and Feys [CF58] and Klop [Klo80] in section 7.2, establishing that we allow less residuals
than Klop but we believe more residuals than Curry and Feys. Finally, we establish in section 7.3 the
confluence of (3n-developments and hence of gn-reduction. We conclude in section 8. Due to space
limitations, proofs are mostly omitted but can be downloaded from the author’s web pages (in particular,
from http://www.macs.hw.ac.uk/“fairouz/papers/drafts/long-fund-inf-cr.pdf).



Kamareddine, Rahli, Wells / Reducibility proofs in the A-calculus 3

2. The Formal Machinery

In this section we provide some known formal machinery and introduce new definitions and lemmas that
are necessary for the paper. Let n, m be metavariables which range over the set of natural numbers N =
{0,1,2,...}. We take as convention that if a metavariable v ranges over a set s then the metavariables
v; such that 7 > 0 and the metavariables v, v, etc. also range over s.

A binary relation is a set of pairs. Let rel range over binary relations. Let dom(rel) = {z | (z,y) €
rel} and ran(rel) = {y | (x,y) € rel}. A function is a binary relation fun such that if {(z, y), (z,2)} C
fun then y = z. Let fun range over functions. Let s — s’ = {fun | dom(fun) C s Aran(fun) C s'}.

Given n sets s1, ..., Sy, Where n > 2, s; X -+ X s, stands for the set of all the tuples built on the
sets S1,...,8,. f £ € 51 X -+ X sy, thenx = (x1,...,2,) such that z; € s; foralli € {1,...,n}.

2.1. Familiar background on \-calculus

This section consists of one long definition of some familiar (mostly standard) concepts of the A-calculus
and one lemma which deals with the shape of reductions.

Definition 2.1. 1. let z,y, 2, etc. range over V, a countable infinite set of A\-term variables. The set
of terms of the A-calculus is defined as follows:

MeA =z | (\e.M) | (M M)

Welet M, N, P, Q, etc. range over A. We assume the usual definition of subterms: we write N C
M if N is a subterm of M. We also assume the usual convention for parenthesis and omit these
when no confusion arises. In particular, we write M Nj...N,, instead of (...(M Np) Na...Np_1) Ny.

We take terms modulo a-conversion and use the Barendregt convention (BC) where the names of
bound variables differ from the free ones. When two terms M and NN are equal (modulo «), we
write M = N. We write fv(M ) for the set of the free variables of term M.

2. Letn > 0. We define M"(N), by induction on n, as follows: MY(N) = N and M"*1(N) =
M(M™(N)).

3. The set of paths is defined as follows:
pePath:=0]1p|2p

We define M|, by: M|p = M, (Az.M)|1, = M|,, (MN)|1, = M|, and (M N)l|2, = NJ|p.
We define 2".p by induction onn > 0: 2°.p = p and 2"F1.p = 27.2.p.

4. The set Al C A, of terms of the Al-calculus is defined by the following rules:

(a) Ifx € Vthenz € AL
(b) If x € fv(M) and M € Al then \x.M € Al
(¢) If M, N € Althen MN € AL
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. We define as usual the substitution M [z := N| of N for all free occurrences of x in M. We let

Mlz; == N;,...,z, := N,] be the simultaneous substitution of N; for all free occurrences of x;
in M forl <z<n.

. We define the following four common relations:

e Beta ::= (A\z.M)N, M[z := NJ).

e Betal ::= ((Ax.M)N, M|z := NJ), where x € fv(M).

e Eta ::= (Az.Mx, M), where z & fv(M).

o BetaEta = Beta U Eta.
Let (r, s) € {(Beta, 8), (Betal, 5I), (Eta, n), (BetaEta, 5n)}. We define R* tobe {L | (L, R) €
r}. If (L, R) € r then we call L a s-redex and R the s-contractum of L (or the L s-contractum).
We define the ternary relation — 4 as follows:

o M S, Mif (M, M) €r.

o Mo M 23 Na M it M Ly M.

o MN "5, M'Nif M L, M,

o NM 22, NM'if M L M.
We define the binary relation —¢ (we use the same name as for the just defined ternary relation

— to simplify the notations) as follows: M — M’ if there exists p such that M &S M’'. We
define R, = {p | M|, € R*}.

LetMeAand FCA FIM={N|NeFANCM}.

. ThBT <)\:E1 .. CL‘n()\SUMo)Ml . Mm, )\:El. .. l‘nMQ[.T = Ml]MQ PN Mm>, where n > 0

and m > 1.

If (L,R) €—ppg then L = Azq....xn.(Ax.Mo)M; ... My, where n > 0 and m > 1 and
(Az.Mp)M; is called the 5-head redex of L.

We define the binary relation —;3 as —g \ —p3.

Letr € {—p3, —n, 8> —8I, —hB> —ig}. We use — to denote the reflexive transitive closure
of —,. We let ~, denote the equivalence relation induced by —.,.. If the r-reduction from M to N
is in k steps, we write M —F N.

Let r € {fI,6n} and n > 0. A term (Ax.M')N{Nj...N] is a direct r-reduct of a term
(Az.M)NoN ... Ny ift M —* M and Vi € {0, ...,n}. N; —* N,

NFg = {/\ml..../\a:n.onl...Nm ‘ n,m>0,Ny,..., Ny, € NFg}
WNﬁZ{MEA|3N€NFﬁ,M —>E N}

Letr € {8, 81, Bn}.
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e We say that M has the Church-Rosser property for 7 (has 7-CR) if whenever M —* M; and
M —7 M then there is an M3 such that My —) Mz and My —) Ms.

e CR" = {M | M has r-CR}.
e CRy={aM;... M, |n>0NzeVANi€{l,...,n},M; € CR")}.
e We use CR to denote CR” and CRy to denote CRg .

e A term is a weak head normal form if it is a A-abstraction (a term of the form A\xz.M) or
if it starts with a variable (a term of the form xM; - -- M,,). A term is weakly head nor-
malising if it reduces to a weak head normal form. Let W = {M € A | 3In > 0,3z €
V,3P, Py,...,P, € A,M —* X\z.Por M —* zP; ... P,}. We use W to denote W5,

14. We say that M has the standardisation property if whenever M —>E N then there is an M’ such
that M —} M’ and M’ —} N.LetS = {M € A | M has the standardisation property}.

The next lemma deals with the shape of reductions.

Lemma 2.1.
1. M Lg, M'iff (M L5 M or M 2, M),

2. Ifzx € fV(Ml) then fV(()\ZL’Ml)M2> = fV(Ml [33 = MQ]) and
if ()\.T.Ml)MQ € Al then Ml[x = MQ] € AL

3. If M —7%, M’ then fv(M') C fv(M).

4. If M —j; M’ then fv(M) = fv(M') and if M € Althen M’ € AL

5. dz.M ﬂ’ﬂn P iff either (p = 1.p', P = Ax.M' and M iﬂn M'yor (p =0, M = Px and
x & tv(P)).

6. Letr € {BI,8n},n > 0, Pisnotadirect -reduct of (A\z.M)Ny ... N, and (Ax.M)Ny ... N,, —F
P. Then the following holds:

(@) k> 1,andif k = 1 then P = M|z := No]Ny ... N.

(b) There exists a direct r-reduct (Ax.M')N/N7 ... N}, of (Ax.M)Ny ... N, such that
M'[x := N§|Ny...N] —F P.

7. Letr € {B1,6n},n > 0and (\x.M)NoN; ... N, —* P. There exists P’ such that P —} P’
and if (r = I and x € fv(M)) or r = By then M [x := No|Ny...N,, —F P’

8. There exists M’ such that M 2, M'iff p € Ry

9. f M L, My and M 2, M, then My = M,
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2.2. Formalising the background on developments

In this section we go through some needed background from [Kri90] on developments and we precisely
formalise and establish all the necessary properties. Throughout the paper, we take c to be a metavariable
ranging over V. As far as we know, this is the first precise formalisation of developments.

The next definition adapts A, of [Kri90] to deal with 3I- and On-reduction. Basically, Al. is A,
where in the abstraction construction rule (R1).2, we restrict abstraction to Al. In A7, we introduce the
new rule (R4) and replace the abstraction rule of A, by (R1).3 and (R1).4.

Definition 2.2. (A7, Al,)

1. We let M range over A7, Al. defined as follows (note that Al. C Al):

(R1) If x is a variable distinct from c then
1. x € M..
2. If M € Al. and x € fv(M) then Az.M € Al.
3. If M € An, then \x. M [z := c(cx)] € Ane.
4. If Nx € An. suchthat z & fv(N) and N # cthen Az. Nz € An..
(R2) If M, N € M. thencMN € M..
(R3) If M, N € M. and M is a A-abstraction then M N € M..

(R4) If M € An. then cM € An..
Here is a lemma related to terms of M...

Lemma 2.2. (Generation)

1. Mz := c(cx)] # = and for any N, M[z := c(cx)] # Nz.

2. Letx & fv(M). Then, My := ¢(cz)] # x and for any N, M|y := c(cx)] # Nz.
3. If M € M. then M # c.

4. If M,N € M, then M[z := N] # c.

5. Let MN € M.. Then N € M. and either

o M = cM' where M’ € M, or
e M =cand M, = An.or
e M = )\x.Pisin M,

6. If (M) € M, then M € M.
7. If M € An. and n > 0 then (M) € An..

8. If Ax.P € An, then z # c and either
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e P = Nz where N, Nx € An. where x ¢ fv(NN) and N # c or
e P = Nz :=c(cx))] where N € An,

9. If \x.P € Al.then x # ¢, x € fv(P) and P € Al,.
10. If M,N € M. and x # cthen M|z := N| € M..

11. Lety ¢ {z,c}. Then:

o if M[z :=c(cx)] =ythen M =y,
e if M[x := c(cx)] = Pythen M = Ny and P = N[z := c¢(cx)],
o if M|z :=c(cx)] = Ay.P then M = A\y.N and P = N[z := ¢(cz)].

o if M[z := c(cx)] = PQ then either M = z, P = cand Q = cx or M = P'Q’ and
P = P'[z := ¢(ex)] and Q = Q'[z := c(cx)].

o if .E\/[[a; ::( c(ﬁx)] = (A\y.P)Q then M = (\y.P")Q" and P = P'[z := ¢(cz)] and Q =
Q'[x := c(cx)].

12. Let M € An,.

(a) If M = Az.P then P € An,.
(b) If M = A\x.Px then Pz, P € An., x ¢ fv(P)U {c} and P # c.

13. (a) Letz # c. M[z := c(cx)] Bp, M"iff M’ = N[z := c(cz)] and M L5, N.
(b) Letn > 0. If (M) A/gn M’ then p = 2™.p and there exists N € An, such that M’ =
¢"(N) and M iﬂn N.

Here is a lemma about the set and paths of redexes in a term:
Lemma 2.3. Letr € {#I,8n} and F C R),.

o If M € Vthen R}, = Fand F = &.

o If M =Xx.Nthen F/' = {p|1l.p € F} C R} and:

- if M eR then Ry, ={0}U{lp|peRy}tand F\ {0} ={l.p|pe F'}
—else, Ry, ={lp|peRytand F={l.p|pe F}.

o f M =PQthenF ={p|lpeF} CRp Fo={p|2p€F}CREand:

- if M € R"then R}, = {0tU{l.p|[p € RptU{2.p[p Ry} and F\{0} ={1l.p|p €
Fiyu{2p|peF}

—else, Ry ={lp|peRp}IU{2p|peRGtand F ={1l.p|p e F}U{2.p|p € Fo}.

The next lemma shows the role of redexes w.r.t. substitutions involving c.

Lemma 2.4. Letr € {n,I}. and x # c.
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1. M € RP"iff M|z := c(cx)] € RO
2. Ifp e Rﬁ}/? then M [z := c(cx)]|p, = M|,z = c(cx)].

iff p=1.p' and p’ € R?"

Bn
3.pe 7—\)’/\QCM[ Mz:=c(cz)]"

z:=c(cx)]

B — 261
4. RM[x::c(cx)] - 7?’1\4

5. R0y ={2"p | p € R

The next lemma shows that any element (Az.P)Q of Al. (resp. An,) is a SI- (resp. 5n-) redex,
that Al (resp. An.) contains all the S1-redexes (resp. Bn-redexes) of all its terms and generalises a
lemma given in [Kri90] (and used in [KSO8]) stating that An. and Al. are closed under — g,- resp.
— gr-reduction.

Lemma 2.5. 1. Let (M, r) € {(Al., BI), (An., Bn)} and M € M..

(@) If M = (A\z.P)Q then M € R".
(b) If p € R}, then M|, € M..

2. (a) If M € Ancand M —g,) M’ then M’ € An..
(b) If M € Al and M —5; M then M’ € AL.

The next definition, taken from [Kri90], erases all the ¢’s from an M-term. We extend it to paths.

Definition 2.3. (| — |°)
We define |M | and | (M, p)|© inductively as follows:

o|z|°=2x o [\x.N|¢ = Az.|N| ifx # ¢
o [cP|¢ = |P|¢ o |[INP|°=|N||P|°if N # ¢
o [(M,0)|°=0 o [(\x. M, 1.p)|¢ = 1.[(M,p)|%ifx # ¢
UM 2p) = (M, p)e o |(NM,2p)| = 2,|(M, p)|if N #

o |(MN,1.p)|¢ = 1.|{M, p)|°
Let F C Path then we define [(M, F)|© = {|(M, p)|° | p € F}.

Now, ¢" is indeed erased from |¢" (M )| and from |c" (V)| for any ¢™(N) subterm of M.
Lemma 2.6. 1. Letn > 0 then |c¢"(M)|® = |M|°.

2. (" (M), RE! e = [(M,RED)

3. [("(M),2".p)|® = (M, p)|“.

4. Let |M|¢ = P.

e If P € V then 3n > 0 such that M = ¢"(P).
e If P = A\z.QQ then 3n > 0 such that M = ¢"(A\z.N) and |N|¢ = Q.
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e If P = P, P, then 3n > 0 such that M = ¢ (M Ms), My # ¢, |M1|¢ = Py and | Ms|¢ = Ps.

Furthermore, if the c-erasure of two paths of M are equal, then these paths are also equal and inside
a term, substituting x by ¢(cz) is undone by c-erasure, c is definitely erased from the free variables of
| M |¢, erasure propagates through substitutions and c-erasing an Al .-term returns an Al-term.

Lemma2.7. 1. Letr € {8I,0n}. If p,p’ € R}, and |(M, p)|¢ = [(M, p')|° then p = p'.
2. Letxz # c. Then, | M|z := c(cx)]|® = | M|°.

Letz # cand p € RY7. Then, |(M |z := c(cz)], p)|° = |(M, p)|°.

If M € M, then fv(M) \ {c} = fv(|M]|°).

If M,N € M. and z # cthen |M[x := N]||¢ = |M|[z := |N|].

If M € Al then | M|¢ € AL

Let (M., r) € {(Al., BI), (An, Bn)} and M, My, N1, Mo, No € M..

N e W

(a) If p € Ry, and M 2, M’ then |M|° ir |M'|¢ such that p" = |(M, p)|°.
(b) Letx # ¢, [(My, Ry, )| C [(Mz, Ry, )| (N1, Ry )¢ € [(Na, Riy, )| [Ma|© = [ My
and |N{|¢ = |Na|¢. Then, |(M;[z := Nl],R’Ml[z::NﬂHC C (Ma]x := NQ]’RR/Ig[w::Ng]HC'

(c) Let [(My, R} )¢ C [(Ma, R}, )| and [My|© = |My|°. If M, P MY, My B3, M) such
that |(My, p1)|¢ = [(M2, p2)|° then |<M{,Rﬁ4{>lc c |<M§,R§V[£>IC-

2.3. Background on Types and Type Systems

In this section we give the background necessary for the type systems used in this paper.

Definition 2.4. Leti € {1,2}.

1. Let A be a countably infinite set of type variables, let « range over A and let 2 ¢ A be a constant
type. The sets of types Type! c Type? are defined as follows:

o € Type! n=a| oy — o3| o Noy
TEType2:::a|7'1—>7'2]TlﬂTQ\Q

2. WeletT' € B = {{z1 : 01,...,2n : 00} | Vi,j € {1,...,n}. 2, = x; = 0; = 0;} and
VA€ B ={{z1:71,...,2n : T} | Vi,j € {1,...,n}. 2; = x; = 71 = 7;}. We define
dom(T") = {z | x : 0 € T'}. When dom(I';) Ndom(T'y) = &, we write I'1, 'y for 'y UT2. We
write ',z : o for ', {z : o} and x : o for {z : 0}. Wedenote ' = z,, : oy, ..., Ty : 0, Where
n>m > 0,by (z; : ;)0 If m = 1, we simply denote I by (z; : 7).

"

T = (x5 Ti)n, (Yi : 7))p and Ty = (@ : 7)), (25 : 7]")q Where 1, . . ., z,, are the only shared

variables, then I'y M Ty = (x; : 7, N 7)), (Y3 = 7 )p, (20 2 7)) g
Let X C V. Wedefinel' | X =T C T where dom(I") = dom(T") N X.
Let C be the reflexive transitive closure of the axioms 71 N e C mpand 71 N 7o C 0. If T’ = (25 :

Ti)pand IV = (x; : 7/)p then T C I iff foralli € {1,...,n}, 7, C 7.
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(ref) T<T 9] T <
(tr) (mM<mAR<m) ="1<T3 (Q-lazy) 7T-0<Q—-Q
(tng) N7 <7 (idem) r<T1tNT
(tngp) T NTe < Ty (Q2-n) N<N -0
(=N (m—=mn)N(mn—m)<1 — (reNT3) (Q-lazy) =1 <0—0
(mon’) (M<mAT<13)=>7<72NT3
(mon) (M<T AR =>nNn<T1 N7
(—-n M<HATR<SR) =17 —>7<17—>mn
Figure 1. The ordering axioms on types
3. e —LetVy={(ref),(tr), (iny), (ing), (— -N), (mon’), (mon), (— -n)}.

Let Vo = V1 U{(Q), (Y —lazy)}.
Let Vp = {(ing), (ing) }.

Let Vp, = Vp U{(idem)}
TypeV! = TypeV? = Type"'2r
TypeV? = Type?.

= Type'.

Let V be a set of axioms from Figure 1. The relation <V is defined on types TypeV and
axioms V. We use <! instead of <V! and <2 instead of <V2.
The equivalence relation is defined by: 7| ~NV oy = 7 <V 1 A <V 7. We use

~! instead of ~V! and ~2 instead of ~V2,

Let AN be the type system built on A, Type! and H! such that - is the type derivability
relation on B!, A and Type1 generated using the following typing rules of Figure 2:
(az), (=), (—1), (N7) and (<1)).

Let AN? be the type system built on A, Type? and 2 such that -2 is the type derivability
relation on B2, A and Type2 generated using the following typing rules of Figure 2:
(ax), (=), (=), (M), (<?) and ().

Let D be the type system built on A, Type' and H7" where 77 is the type derivability
relation on B!, A and Type1 generated using the following typing rules of Figure 2:
(ax), (—g), (—1), (M), (NE1) and (NE2).

Let Dy be the type system built on A, Type1 and -7 where -9/ is the type derivability
relation on B, A and Type' generated using the following typing rule of Figure 2:
(ax™), (—g1), (—1), (N1, (Ng1) and (Ng2). Moreover, in this type system, we assume
thatc No =o.

3. Problems of Ghilezan and Likavec’s reducibility method [GL02]

In this section we introduce the reducibility method of [GL02] and show where exactly it fails. Through-
out, we let ® = \z.zx.
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— — T
P,CE:T"CE:T(ax) 33:7'|—$2T(ax)

'tM:7mm—m T'EN:7m W+ M:1m—>m T9FN:7

TFMN: (=5) T T2 F MN @7 (Zer)
e:mEM:n (=) 'EM:mm THEM:m (1)
T XM — 7 TFM:mNm !
I'EM:mmNmy I'EM:mNmy
TFM:m BV TFM:m 5

T'FM:m 1n<Vmn
'EM:m

(<Y)

'EM:Q ()

Figure 2. The typing rules

Definition 3.1. (Type systems and reducibility of [GL02])
Leti € {1,2}. Let P range over 2.

1. The type interpretation [—]* € Type’ — 2% — 2 is defined by:

o [o]p ="P.
o [nNnlp=[nlpNinlp.
o [Q]3 =A.

° [[01 — 02]],}3 = {M | VN € [[01]]713.MN € [[02]]%)}
o [ = 7]t ={MeP|VN € [n]% MN € [r]5}

2. A valuation of term variables in A is a function v € V — A. We write v(z := M) for the function
v' where v/(z) = M and v/(y) = v(y) if y # .

3. let v be a valuation of term variables in A. Then [—], € A — A is defined by:
[M], = M[xy :=v(x1),..., 2, := v(zy)], where FV (M) = {z1,...,2,}.
4. e v EL M:Tiff [M], € [r]5
e v ELTiffV(z:7) €. v(z) € [r]H
e TELM:rTiff WweV s AvELT=vEL,M: 7
5. Let X C A. Let us recall the variable, saturation, closure and invariance under abstraction predi-
cates defined by Ghilezan and Likavec:
e VAR/(P,X) <— V CAX.

o SATHP,X) +—
(VM e AVx € V.YN € P. M[z:=N]e X = (AMx.M)N € X).
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o SAT}(P,X) <
(VM,N e A.Vx e V. M[z:=N]e X = (Ax.M)N € X).
e CLOYP,X) <= (VM eAVzeV.Mz e X = McP).
e CLO?(P,X) <= CLO(P,X) <
(VM eAVzeV. M e X = \x.MeP).
e VAR(P,X) <= (V2 €V.¥n € N.YNy,...,N, € P.zN;... N, € X).

o SAT(P,X) < (VM,N € A.Vz € V.Yn e N.YNy,...,N, € P.
Mlz := NIN;y... Ny € X = (Ae.M)NN; ... N, € X).

¢ INV(P) <= (VM €A VzeV.MeP < .M ecP).
For R € {VAR!,SAT?, CLO'}, let R(P) <= V1 € Type'. R(P, [7]5).

Lemma 3.1. (Basic lemmas proved in [GL02])

1.

(a) [[M]]y(z::N) = [[M]]V(x::z) [$ = N]
(b) [MN], = [M],[N].
©) [Me.M], = Ao.[M],(3:=)

2. If VAR}(P) and CLOY(P) then
(a) forall o € Type', [o]% C P.
(b) if SAT'(P)and T F! M : o thenT =5 M : o0 and M € P
3. Forall 7 € Type?, if 7 £ Q then [7]% C P
4. If 1 <* 7y then [11]3 C [12]%.
5. If VAR?*(P), SAT?(P) and CLO*(P) then ' -2 M : 7 implies I' =4 M : 7
6. If VAR?(P), SAT%(P) and CLO?(P) then for all 7 € Type?, if 7 #? Qand I' F2 M : 7 then
MeP
7. CLO(P,P) = V1 € Type®. 1 £ Q@ = CLO*(P, [7]%).
Proof:

We only prove 5. By induction on I' -2 M : 7. (ax) and () are easy. (M) (resp. (—g) resp. (<?)) is
by IH (resp. IH and 1, resp. IH and 4).

(—1) ByIL T,z : 7y =5 M : 5. Letv =% I'and N € [r1]%. Then v(z := N) =% T since

z ¢ dom(T') and v(z := N) =% x : 7y since N € [ri]%. Therefore v(z := N) E% M : 7,
ie. [M],(=n) € [r2]%. Hence, by lemma 3.1.1, [M], (y.—[z := N] € [12]%. By SAT?(P),
we get (Az.[N],(pe0))N € [r2]3. Again by lemma 3.1.1, ([Az.M],)N € [r2]%. Hence
[Az.M], € {M | VN € [11]%. MN € [r2]%.

By VAR?(P), z € [r1]%. hence by the same argument as above we obtain [M],.—) € [72]%.

So by CLO?*(P), Az.[M],(4:=s) € P and by lemma 3.1.1, [Az.M],, € P. Hence, we conclude
that [[)\.QTM]],, € [[7’1 — 7’2]]3;..
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O

Ghilezan and Likavec claim that if CLO'(P), VAR!(P) and SAT'(P) are true then SN C P (note
that this result does not make any use of the type system AN%).

After giving the above definitions and lemmas, [GLO02] states that since the predicates (VARi(P),
SAT!(P) and CLO*(P) for i € {1,2} have been shown to be sufficient to develop the reducibility
method, and since in order to prove these predicates one needs stronger induction hypotheses which
are easier to prove, the paper sets out to show that these stronger conditions when ¢ = 2 are the three
predicates VAR(P,P), SAT(P,P) and CLO(P,P). However, as we show below, this attempt fails.
They do not develop the necessary stronger induction hypotheses for the case when i = 1, and AN?! can
only anyway type strongly normalisable terms, so we will not consider the case ¢ = 1 further.

Definition 3.2 and lemma 3.2 are necessary to establish the results of this section (the failure of the
method of [GLO2]). In definition 3.2, we use the fact that the defined preorder relation is commutative,
associative and idempotent:

Remark 3.1. Commutativity, associativity and idempotence w.r.t. the preorder relation are given by the
axioms (ing), (ing), (mon’), (tr) and (ref) listed in figure 1.

Definition 3.2. Let to € TypeOmega ::= Q | to1 N tos.

Let inInter(7, 7’) be true iff 7 = 7/ or 7/ = 71 N 72 and (inlnter(7, 71) or inlnter(7, 72)).

By commutativity and associativity we write 7 N - - N 7,, where n > 1, for any type 7 such that
(inInter (7, 7) iff there exists ¢ € {1,...,n} such that 7o = 7;).

Lemma3.2. 1. If 7 <% 7 and 7; € TypeOmega then 7, € TypeOmega.
2. If 7 <% 7" and 7/ %2 Q then T 2 Q.
3. If 7 N7 2 Qthen T 42 Qor 7/ £2 Q.

4. If 7 ~2 Qthent < 7N 7

5. If 7 < 7/ and inInter(my — 7o, 7') and 75 %2 € then there exist n > 1 and 7|, 7/, ..., 7., 7"
such that for all i € {1,...,n}, inlnter(r] — 7/,7) and 7" #? Qand 7' N --- N7/ <P 7.
Moreover, if 71 ~2 Q then forall i € {1,...,n}, 7/ ~? Q.

6. Forall 7,7 € Type*, a - Q — 7/ A2 Q — 7

Proof:
1. By induction on the size derivation of 7; <% 7, and then by case on the last rule of the derivation.

2. Let 7 < 7/. Assume 7 ~2 Q. Then Q <% 7 and by transitivity Q < 7/. Moreover, by (),
7 <. Sor ~2Q.

3.By (Q), 7N7 <P Q. lett ~2 Qand 7' ~2 Q, 50 Q <% 7and Q < 7/ and by (mon'),
Q<rnyr.
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4. By (Q), 7 < Q and by transitivity, 7 < 7/ because Q < 7/. By (ref), 7 < 7 and by (mon/),
r<2rn7.

5. By induction on the size derivation of 7 <®! 7/ and then by case on the last rule of the derivation.

6. let 7' € Type®. First we prove that Q — 7/ %% Q. Assume Q — 7/ 4% Q then Q < Q — 7/. By
lemma 3.2.1, Q — 7’ € TypeOmega which is false.

Let T N2 Q Assume o — Q — 7—/ N2 Q — T then Q — T SQ o — Q — T/. By lemma 325,
7 <% Q — 7/ which is false.

Let 7 42 Q. Assume o — Q — 7/ ~2 Q — 7thena — Q — 7/ <% Q — 7. By lemma 3.2.5,
a ~2 Q) because  ~2 , which is false.
O

The next lemma establishes the failure of a basic lemma of [GL02].

Lemma 3.3. (Lemma 3.16 of [GLO02] is false)
Lemma 3.16 of [GLO02] stated below is false:

VAR(P,P) = V7 € Type®. (V7' € Type®. (1 £ Q — 7/) = VAR(P, [7]%)).

Proof:

To show that the above statement is false, we give the following counterexample. Note that VAR (P, [r]%) =
Y C HT]]% Letz € V,7bea — Q — aand P be WNg. By lemma 3.2.6, forall 7/ € Type2, T A2 —

7/ and VAR(P, P) is true. Assume VAR(P, [7]%), then z € [7]%. Thenz € [a — Q — a]% = [7]%
because z € P = [a]%, and 22(®®) € [a]? = P because ®® € A = [Q]%. But zz(®@®) € P is
false, so VAR(P, [7]3) is false. 0

The proof for Lemma 3.18 of [GL02] does not work (because of a wrong use of an induction hypoth-
esis) but we have not yet proved or disproved that lemma:

Remark 3.2. (It is not clear that Lemma 3.18 of [GL02] holds)
It is not clear whether this lemma of [GL02] holds: SAT(P,P) = Vr € Type?. (V7' € Type?. (1 2
QO — 7') = SAT(P, [[7-]]%))

The proof given in [GLO02] does not go through and we have neither been able to prove nor disprove
this lemma. It remains that this lemma is not yet proved and hence cannot be used in further proofs.

Then, Ghilezan and Likavec give a proposition (Proposition 3.21) which is the reducibility method
for typable terms. However, the proof of that proposition depends on two problematic lemmas (lemma
3.16 which we showed to fail in our lemma 3.3, and lemma 3.18 which according to remark 3.2 has not
been proved). First, here is a lemma:

Lemma 3.4. VAR(WNQ7 WNg), CLO(WNg7 WNg), INV(WNg) and SAT(WNﬂ7 WNg) hold.

Proof:

e VAR(WNg3, WNg) holds because Vo € V,Vn > 0,VNy,..., N, € WNg, 2Ny ... N, € WNg.
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e CLO(WNg, WNpg) holds, because if 3n,m > 0, 3z¢ € V, ANy, ..., N, € NF3 such that M/ —%
AL1. ... Axp. 29Ny ... Ny, thenVy € V, A\y. M HE AYAT1. . AT 2o NT ... Ny € NFg.

INV(WNjp) holds, because if In,m > 0, Jxg € V, INy,..., Ny € NFg such that Ax. M —>Z§
AZ1.... Axp. 29Ny ... Ny, then 21 = y and M —>E Axo. ... AZp. ZoNy ... Ny,

e SAT(WNg, WNg) holds, since if M[z := N|N;...N, € WNg wheren > 0 and Ny,..., N, €
WNg then 3P € NF 3 such that
Mz := NIN; ... N, —% P.
Hence, (Az.M)NNi ... Ny —g M[z := N|Ny... N, —5 P.

Lemma 3.5. (Proposition 3.21 of [GL02] fails)
Assume VAR(P, P), SAT(P, P) and CLO(P, P). Itis not the case that: V7 € Type®. (1 £ QAVT €
Type?. (1 2 Q=7 )ATF2 M : 7= M € P).

Proof:

Let P be WNg. Note that Ay.Az.@® ¢ WNg and @ 2 Ay \2.@® : a — Q — Q is derivable,
where & — ©Q — Q 2 Q and by lemma 326, « — Q — Q %% Q — 7/, for all 7' € Type®.
Since VAR(WNg, WNg), CLO(WNg, WNg) and SAT(WN 3, WN3) hold, we get a counterexample for
Proposition 3.21 of [GL02]. O

Finally, also Ghilezan and Likavec’s proof method for untyped terms fails.

Lemma 3.6. (Proposition 3.23 of [GL02] fails)
Proposition 3.23 of [GL02] which states that “If P C A is invariant under abstraction (i.e., INV(P)),
VAR(P,P) and SAT(P,P) then P = A” fails.

Proof:

The proof given in [GL02] depends on Proposition 3.21 which fails.

As VAR(WNg, WNg3), SAT(WNg, WNj3) and INV(WN3), we get a counterexample for Proposition 3.23.
O

4. How much of the reducibility method of [GL02] can we salvage?

In this section, we give some indications on the limits of the method. We show how these limits affect
the salvation of the method, we partially salvage it and we show that this can now be correctly used to
establish confluence, standardisation and weak head normal forms but only for restricted sets of lambda
terms and types (that we believe to be equal to the set of strongly normalisable terms). We also point out
some links between the work done by Ghilezan and Likavec and the work done by Gallier.

Because we proved that Proposition 3.23 of [GL02] is false, we know that the set of properties that
a set of terms P has to fulfil in order to be equal to the set of terms of the untyped A-calculus cannot
be INV(P), VAR(P,P) and SAT(P,P). So even if one works on the soundness result or on the type
interpretation (the set of realisers), to obtain the same result as the one claimed by Ghilezan and Likavec,
one should come up with a new set of properties.
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Proposition 3.23 of [GL02] states a set of properties characterising the set of terms of the untyped
A-calculus. The predicate VAR(A, A) states that the variables (and the terms of the form x N M - - - M,,)
belong to the untyped A-calculus. The predicate INV(A) states among other things that if a term is a A-
term then the abstraction of a variable over this term is a A-term too. To get a full characterisation of the
set of terms of the untyped A-calculus, a predicate, say APP(P), stating that (Az. M )NM; --- M, € P
if M, N, M, ..., M, € P, needs to hold. Note that this predicate cannot be equivalent to the sum of
properties VAR(P, P), SAT(P,P) and INV(P) since we saw that the set WNg satisfies these properties
but is not equal to the A-calculus. Hence, these properties are not enough to characterise the A-calculus.

The problem with these properties is that if one tries to salvage Ghilezan and Likavec’s reducibility
method, the properties VAR(P,P) and CLO(P,P) will impose a restriction on the arrow types for
which the interpretation is in P (the realisers of arrow types). This can be seen in the arrow type case of
the proofs of lemmas 4.1.5 and 4.2. We show at the end of this section that even if the obtained result
when considering these restrictions is different from (in some sens, is an improvement of) the one given
by Ghilezan and Likavec using the type system AN', we do not succeed in salvaging their method.

The use of the non-trivial types (we recall the definition below) introduced by Gallier [Gal03] are
not much help in this case, because of the precise restriction imposed by VAR(P, P). One might also
want to consider the sets of properties (we do not recall them in this paper for lack of space) stated in
his work [Gal03], but which are unfortunately not easy to prove for CR, because a proof of zM € CR
for all M € A is required. Moreover, if one succeeds in proving that the variables are included in the
interpretation of a defined set of types containing 2 — «, where €2 is interpreted as A and « as P, then
one has proved that M € P, so that in the case P = CR, we have M € CR.

It is worth pointing out that a part of the work done by Gallier [Gal03] would still be valid if adapted
to the type system A\N?. Gallier defines the non-trivial types as follows:

¥ € NonTrivial = a |7 — ¢ | TNy |YNT

Types in Type? are then interpreted as follows: [a]p = P, [ N 7]p = [r N¢Y]p = [7]p N [¢¥]P.
[r]» = Aif 7 ¢ NonTrivial and [r — ¢]p = {M € P | VN € [r]p. MN € [¢]p}. We can
easily prove that if 71 <? 7 then [71]p C [2]p. Hence, considering the type system AN? instead of
the type system DS, the method of Gallier gets a set of predicates which when satisfied by a set of terms
P implies that the set of terms typable in the system AN? by a non-trivial type is a subset of P. Gallier
proved that the set of head-normalising A-terms satisfies each of the given predicates.

Using a method similar to Ghilezan and Likavec’s method, Gallier proved also that the set of weakly
head-normalising terms (W) is equal to the set of terms typable by a weakly non-trivial type in the type
system DS2. The set of weakly non-trivial types is defined as follows:

1 € WeaklyNonTrivial :=a |7 = ¢ | Q—=Q|T7NY [ NT

As explained above, we can try and salvage Ghilezan and Likavec’s method by first restricting the
set of realisers when defining the interpretation of the set of types in Type?. The different restrictions
lead us to the definition of Type3 and the following type interpretation:

Definition 4.1. p € Type3 s=alT—=plpNTTNP.

° [[Oz]]% =P.



Kamareddine, Rahli, Wells / Reducibility proofs in the A-calculus 17

° [[7'1 N TQH% = [[7'1]]% M [[7'2]]%, ifri N e TypeS.
o [r]3 = A, if 7 & Type®.
o [1 =]l ={MecP|YNc[n]h MN € [r]b},ifr — m € Type®.

In order to prove the relation between the stronger induction hypotheses (VAR, SAT and CLO, and
particularly the variable one) and the ones depending on type interpretations (VAR2, SAT? and CLO?),
and in order to be able to use these stronger induction hypotheses in the soundness lemma, we have to
impose other restrictions.

Definition 4.2. Welet p € Type? :=a | Q| p— o |onN7T| TN

WeletT' € B2 = {{z1:¢1,...,2n 1 o} | Vi, 5 € {1,...,n}. 2 =2 = @i = p;}

Let 3 be the relation -2 where (ax) is replaced by (az’) and B? is replaced by B3. Let A3 be the
type system AN? where (ax) is replaced by (az’) and B? is replaced by B®. Let =3 be the relation =2
where [7]% is replaced by [7]%.

Due to the saturation predicate and its uses, we could impose some other restrictions on the type
system. Another alternative is to slightly modify this predicate (in order not to burden ourselves with
another notation for the saturation predicate, we keep the same name):

Definition 4.3. SAT(P,X) <— (VM,N € A.Vx € V.Vn € N.YNy,..., N, € A.
Mz := NIN; ... N, € X = (\e.M)NNj ... N, € X).

We can prove that if P € {CR, S, W} then SAT (P, P) holds.
The next lemma is useful to prove soundness. Particularly useful is the relation between the old and
the new induction hypothesis.

Lemmad4.l. 1. [rN7n]d = [n]d 0 [r]p.
2. [l S P.

. If 7y <3 and 7 € Type® then 7y € Type®.

A~ W

. If 71 <? 1 then [[ﬁﬂ% C [[72]]%'

9]

. If VAR(P, P) then for all ¢ € Type®*, VAR(P, [¢]3).
6. If SAT(P, P) then for all T € Type?, SAT(P, [r]3).

Proof:

. IfrNm e Type3 then it is done by definition. Otherwise 71, 70 & Typeg.
Hence [ N 72]]% =A=ANA= [[7'1]]% N [[72]]%-

2. By induction on the structure of 7.
3. By induction on the size of the derivation of 7; <2 7, and then by case on the last step.

4. By induction on the size of the derivation of 7| <2 75 and then by case on the last step.
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5. Assume VAR(P,P). Letn > 0,z € Vand forall i € {1,...,n}, M; € P. By the hypothesis,
My --- M, € P. We prove that zM; --- M, € [[90]];’3 by induction on the structure of ¢.

6. Assume SAT(P,P). Letn > 0,z € V, M,N € Aand forall i € {1,...,n},N; € A. We
prove that if M [z := N]Nj - -+ N,, € [7]3 then (Az.M)NNj --- N, € [r]% by induction on the
structure of 7.

O

We now state the soundness lemma:
Lemma 4.2. If VAR(P, P), SAT(P, P), CLO(P,P) and ' =2 M : T then T =5 M : 7

Proof:
By induction on the size of the derivation of I' F3 M : 7 and then by case on the last rule used in the
derivation. Cases dealing with 7 ¢ Type® are trivial since [7]3% = A. So we only consider 7 € Type®.

e (az): Letv ):% [,z:pthenv(x) € [[80]]?7’)
e (0p):ByILT > M : 7y —» mpand' =2 N : 7q,sobylemma3.1.1,T =% MN : 75 (because
if € Type3 then 1 — 7 € Type3)-

e (—7):ByIH,l,z:7 =5 M : 7. Letv =5 I'and N € [ri]%. Then v(z := N) =5 T since

z & dom(T) and v(z := N) 3 x : 7 since N € [ri]%. Therefore v(z := N) =5 M : 7,
ie. [M]y(z=ny € [m2]}. Hence, by lemma 3.1.1, [M], (y.—y)[x := N] € [m2]3. Hence by
applying SAT(P,P) and 4.1.6, we get (Az.[M],(3:=s))N € [72]3. Again by lemma 3.1.1,
([\z.M],)N € [2]%. Hence [Az.M], € {M | VN € [r1]%. MN € [r]3}.
Since 71 € Type?, by VAR(P,P) and 4.1.5, = € [71]%, hence by the same argument as above
we obtain [M],(;.—y) € [[7'2]];’3. Since 7, — 7 € Type® then 7, € Type?, so by CLO(P, P)
and 4.1.2, Av.[M],(3.—y) € P and by lemma 3.1.1, [Az.M], € P. Hence, we conclude that
[Ax.M], € [11 — 7'2]]%.

e (<3): We conclude by IH and 4.1.4

e (): This case is trivial because ¢ Type?.
d

The next lemma states that the set of terms satisfying the Church-Rosser, the weak head normalisation
or the standardisation properties satisfies the variable, saturation and closure predicates.

Lemma 4.3. Let P € {CR,S,W}. Then VAR(P, P), SAT(P, P) and CLO(P, P).
We obtain the following proof method.
Proposition 4.1. If ' -3 M : pthen M € CR, M € S,and M € W.

Proof:
By lemma 4.3, lemma 4.1.2 and lemma 4.2 O

However, we strongly believe that the set of terms typable in our type system with a type p is no
more than the set of strongly normalisable terms.
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5. Reducibility method for the CR proofs w.r.t. 5/- and (57-reductions

In this section, we introduce the reducibility semantics for both G- and (n-reduction and establish its
soundness (lemma 5.3). Then, we show that all typable terms satisfy the Church-Rosser property and
that all terms of Al (resp. A7) are typable in system Dy (resp. D).

We start by introducing a reducibility semantics for types:

Definition 5.1. 1. Letr € {31, 8n}. We define the type interpretation [—]" : Type' — 2% by:

e [a]" = CR", where o € A.
o [ont] =[o]"N]r]".
e [o —=7]"={M eCR"|VN € [o]". MN € [7]"}.

2. Aset X C Ais saturated iff Vn > 0. VM, N, My, ..., M, € A.Vx € V.
M[z = NIM, ... M, € X = (Az.M)NM, ... M, € X

3. Aset X C Alis I-saturated iff Vn > 0. VM, N, My, ..., M, € A.Vx € V.
zxetv(M)= Mz :=N|M;...M, € X = (A.M)NM;...M, € X

Here is a background lemma which is familiar to many type systems:
Lemma5.1. 1. IfTF5 M : o then M € Al and fv(M) = dom(T).

2. LetT'FP7 M : 0. Then fv(M) C dom(T") and if T' C TV then TV 57 M : 0.

3. Letr € {BI,0n}. AT+ M :0,0 Co’andI” C T thenI" " M : o’.

The next lemma states that the interpretations of types are saturated and only contain terms that
are Church-Rosser. Krivine [Kri90] proved a similar result for » = /3 and where CR( and CR" were
replaced by the corresponding sets of strongly normalising terms. Koletsos and Stavrinos [KS08] adapted
Krivine’s lemma for Church-Rosser w.r.t. -reduction instead of strong normalisation. Here, we adapt
the result to 51 and (7.

Lemma 5.2. Letr € {31, On}.
1. Vo € Type'. CR}, C [o]" € CR".
2. CR?! is I-saturated.
3. CR" is saturated.

4. Yo € Type'. [o]?" is I-saturated.

9]

. Yo € Type'. [o]?" is saturated.

Next we adapt the soundness lemma of [Kri90] to both HA1 and 97,

Lemma 5.3. Letr € {3I,8n}. Ifx1 : 01,...,2p : op F" M :cand Vi € {1,...,n}, N; € [o;]" then
M[(.CL‘@ = Nz)?] S [[O']]r.
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Finally, we adapt a corollary from [KS08] to show that every term of A typable in system Dy (resp.
D) has the 31 (resp. #1) Church-Rosser property.

Corollary 5.1. Letr € {B8I,4n}. fT " M : o then M € CR".

Proof:
LetI' = (x; : 0i)p. Bylemma 52, Vi € {1,...,n},z; € [o;]", so by lemma 5.3 and again by
lemma 5.2, M € [¢]" C CR". 0

To accommodate 31- and 3n-reduction, the next lemma generalises a lemma given in [Kri90] (and
used in [KS08]). This lemma states that every term of Al (resp. A7n,) is typable in system Dy (resp. D).

Lemma 54. Let fv(M) \ {¢} = {z1,...,2,} C dom(I") where ¢ ¢ dom(T").
1. If M € Al then for IV = T | fv(M), 3o, 7 € Type' such that
if c € fv(M) thenT’,c: o F3T M : 7, and if ¢ & fv(M) then TV 51 M : 7.
2. If M € A, then 3o, 7 € Type! suchthat T, ¢ : o H97 M : 7.

6. Adapting the CR proof of Koletsos and Stavrinos [KS08] to 5/-reduction

Koletsos and Stavrinos [KS08] gave a proof of Church-Rosser for 3-reduction for the intersection type
system D of Definition 2.4 (studied in detail by Krivine in [Kri90]) and showed that this can be used
to establish confluence of 3-developments without using strong normalisation. In this section, we adapt
their proof to 31. First, we adapt and formalise a number of definitions and lemmas given by Krivine in
[Kri90] in order to make them applicable to SI-developments. Then, we adapt [KSO8] to establish the
confluence of 3I-developments and hence of G1-reduction.

6.1. Formalising 3/-developments

The next definition, taken from [Kri90] (and used in [KS08]) uses the variable c to destroy the 31-redexes
of M which are not in the set F of 3I-redex occurrences in M, and to neutralise applications so that they
cannot be transformed into redexes after SI-reduction. For example, in ¢(Ax.z)y, ¢ is used to destroy
the GI-redex (Az.x)y.

Definition 6.1. (¢(—, —))
Let M € Al such that ¢ ¢ fv(M) and F C RY1.

1. f M =z then F = @ and ®¢(z, F) =z

2.If M = XAx.N suchthat x # cand 7/ = {p | 1.p € F} C R]ﬂvf then ®¢(A\z.N,F) =
Az.®°(N, F')

3.1fM=NP,Fi={p|lpeF} CRY and Fo = {p | 2.p € F} C R then

c®°(N, F1)®¢(P, F,) if0¢ F

(NP, F) =
( ) { O°(N, Fp)Pc(P, F2) otherwise
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The next lemma is an adapted version of a lemma which appears in [KS08] and which in turns adapts
a lemma from [Kri90].

Lemma6.l. 1. IfM € AL ¢ ¢ fv(M),and F C R}/ then
(@) fv(M) = tv(®°(M, F)) \ {c}.
(b) (M, F) € AlL.
(© |9¢(M,F)|* =M.

(d) [(@°(M, F), Rige a1 = F.

2. Let M € Al.

(@) [(M,Ry)|° € Ry and M = &°(|M|°, [ (M, Riy)[%).

(b) (M|, |(M, Rﬁﬂc) is the one and only pair (N, F) suchthat N € AL ¢ € fv(N), F C R]ﬂvl
and ®¢(N,F) = M.

The next lemma is needed to define 31-developments.

Lemma 6.2. Let M € Al such that ¢ & fv(M), F C Rg/[[, p e Fand M Ag[ M'’. Then, there exists
a unique set 7' C Rég, such that ®°(M, F) %57 @¢(M', F') and [(®°(M, F), p')|* = p.

We follow [Kri90] and define the set of 31-residuals of a set of 51-redexes F relative to a sequence
of BI-redexes. First, we give the definition relative to one redex.

Definition 6.2. Let M € AL such that ¢ ¢ fv(M), F C Ril, p € F and M %57 M’. By lemma 6.2,

there exists a unique ' C Rg/fl, such that ®¢(M, F) ig[ O¢(M', F') and [(®¢(M,F),p')|c = p. We
call ' the set of 3I-residuals in M’ of the set of 3/-redexes F in M relative to p.

Definition 6.3. (G1-development)
Let M € Al where ¢ ¢ fv(M) and F C R% A one-step [I-development of (M, F), denoted

(M, F) —gra (M',F'), is a fI-reduction M &51 M’ where p € F and F' is the set of 3I-residuals in
M’ of the set of 3I-redexes F in M relative to p. A 3I-development is the transitive closure of a one-
step SI-development. We write also M ig 1a My, for the 31-development (M, F) — 71, (Mn, Fn).

6.2. Confluence of /-developments, hence of 3/-reduction

The next lemma is informative about developments.

Lemma 6.3. 1. Let M € Al, suchthatc & fv(M) and F C Rﬁ/[] Then: (M, F) —p;, (M, F')
(M, F) %, (M, F).

2. Let M € Al such that ¢ ¢ fv(M) and F; C Fp C R[J\Z If (M, F1) —pra (M', F7) then there
exists F C RA1, such that Fy C Fj and (M, Fy) —pq (M, Fb).

The next lemma adapts the main theorem in [KSO8] where as far as we know it first appeared.
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Lemma 6.4. (confluence of the 5/-developments)
Let M € Al such that ¢ & fv(M). If M ﬂg[d My and M Eﬂjd Mo, then there exist F| C Rg/lll,

b 7
Fi C Rifg and M3 € Al such that My =374 M3 and My =3 574 Ms.

We follow [Bar84] and [KS08] and define one reduction as follows:

Notation 6.1. Let M, M’ € Al such that ¢ ¢ fv(M). We define one reduction by: M —q; M' <=
SF, F (M, F) =y (M, F).

Before establishing the main result of this section we need the following lemma:

Lemma 65. 1. Letc ¢ fv(M). Then, Ry( ;o) = &

2. Letc ¢ fv(MN) and = # c. Then, Rgﬁ(M’Q)[%:@c(M@)] =g.

3. Lete & fv(M). If p € RY! and ®°(M, {p}) —5r M’ then R}, = 2.

4. Let M € Alsuch that ¢ ¢ fv(M). If M 257 M’ then (M, {p}) — 414 (M', ).
5. =hr==1r-

Finally, we achieve what we started to do: the confluence of F7-reduction on Al

Lemma 6.6. AI C CRA!,

7. Generalisation of the method to 37n-reduction

In this section, we generalise the method of [KSO08] to handle Gn-reduction. This generalisation is not
trivial since we needed to define developments involving n-reduction and to establish the important result
of the closure under n-reduction of a defined set of frozen terms. These were the main reasons that led us
to extend the various definitions related to developments. For example, clause (R4) of the definition of
An, in Definition 2.2 aims to ensure closure under 7-reduction. The definition of A, in [Kri90] excluded
such a rule and hence we lose closure under n-reduction as can be seen by the following example: Let
M = Xzx.cNx € A, where x ¢ fv(N) and N € A., then M —, cN & A..

First, we formalise Bn-residuals and (5n-developments in section 7.1. Then, we compare our notion
of (n-residuals with those of Curry and Feys [CF58] and Klop [Klo80] in section 7.2, establishing
that we allow less residuals than Klop but we believe more residuals than Curry and Feys. Finally, we
establish in section 7.3 the confluence of 3n-developments and hence of 3n-reduction.

7.1. Formalising 57)-developments

The next two definitions adapt definition 6.1 to deal with Gn-reduction. The variable ¢ enables to destroy
the Bn-redexes of M which are not in the set F of #n-redex occurrences in M ; to neutralise applications
so that they cannot be transformed into redexes after n-reduction; and to neutralise bound variables
so A-abstraction cannot be transformed into redexes after n-reduction. For example, in Az.y(c(cz))
(x # x), cis used to destroy the n-redex \z.yz.
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Definition 7.1. (¥¢(—, —), ¥§(—, —))
Let ¢ & fv(M) and F C RV,

(P1) If M € V\ {c} then F =2 & and
UM, F) ={c"(M) [n > 0} VG(M, F) = {M}

(P2) f M = \z.N andz # cand F' = {p | L.p € F} C23 R

We(M, F) = {"(A\z.Plz :=c(cz)]) In>0AP € V¢(N,F)} if0gF
T {erOaN) [ n > 0A N € UE(N, F')} otherwise
WE(M, F) = {Ax.N'[x := c(cx)] | N' € U¢(N,F")} ifog‘?:
{Az.N"| N" € U§(N,F')} otherwise

(P3) If M = NP, Fi ={p | 1l.pe F} C23 RV and F, = {p | 2.p € F} C** R then:
{¢"(cN'P") [n>0AN' € US(N,F)) AP € U¢(P, Fy)} if0¢F

(M, F) =
( ) {"(N'P") |n>0AN" € U§(N,F1) NP € U°(P,F3)} otherwise
(M. F) {¢cN'P'| N € US(N, Fy) AP € WE(P, F)} if0& F
O (NP | N € WG(N, Fy) AP € W§(P, Fy)  otherwise

The next lemma is needed to define (37-developments.

Lemma7.1. 1. Letc ¢ fv(M) and F C Rﬁ}] We have:

(@) WE(M, F) C Ue(M, F).

(b) VN € U¢(M,F). tv(M) = tv(N) \ {c}.

(©) (M, F) C An.

(d) Let M = Nz such thatz ¢ fv(N) U {c} and P € W§(M,F). Then, RfZ.P ={0}U{l.p|
p e RN

(e) Let M = Nz. If Px € U¢(Nz, F) then Pz € U§(Nzx, F).

() YN € U(M, F). Vn > 0. "(N) € Te(M, F).

() VN € U¢(M, F). |N|¢ = M.

(h) VN € U¢(M, F). F = |(N, R

2. Let M € An.. We have:

(@) [(M,RAD|° C R and M € We(|M<, |(M, R{7)[°).

(b) (| M|, |(M,REM|) is the one and only pair (N, F) such that ¢ ¢ fv(N), F C R4 and
M € U¢(N, F).
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3. Let M € A, suchthatc & fv(M), F C Rﬁ;, p € Fand M ﬂﬁn M. Then, there exists a unique
set 7' C Rf}},, such that for all N € W¢(M, F) there exists N € W¢(M', F') and p’ € R]ﬁ\ﬁ such

that N %5, N” and [(N, p')|* = p.

Definition 7.2. (3n-development)
1. Let M e A, F C Rﬁ:}, p € Fand M ﬂ’ﬁn M'. By lemma 7.1.3, there exists a unique F’' C Rg},

such that for all N € W¢(M, F), there exist N’ € W¢(M', F') and p’ € R]ﬁvn such that N %5, N/
and [(N, p"}|¢ = p. We call F’ the set of 3n-residuals in M/’ of the set of (31)-redexes F in M
relative to p.

2. Let M € A, where ¢ ¢ fv(M), and F C R’g/r] A one-step On-development of (M, F), de-

noted (M, F) —p,q (M, F'), is a Bn-reduction M 5, M’ where p € F and F' is the set of
Bn-residuals in M’ of the set of Sn-redexes F in M relative to p. A (3n-development is the tran-

sitive closure of a one-step 3n-development. We write also M il gnd M' for the fn-development
<M7~7:> —>E17d <M/>f/>'

7.2. Comparison with Curry and Feys [CF58] and Klop [Klo80]

A full common definition of a §n-residual is given by Curry and Feys [CF58] (p. 117, 118). An-
other definition of #n-residual (called \-residual) is presented by Klop [Klo80] (definition 2.4, p. 254).
Klop [Klo80] shows that each definition enables to prove different properties of developments. Fol-
lowing the definition of a 3n-residual given by Curry and Feys [CF58] (and as pointed out in [CF58,
Klo80, BBKV76)), if the n-redex Az.(\y.M)x, where x ¢ fv(\y.M), is reduced in the term P =
(Az.(Ay.M)z)N to give the term ) = (Ay.M )N, then @ is not a Sn-residual of P in P (note that
following the definition of a A-residual given by Klop [Kl1080], @ is a A-residual of the redex (A\y.M)x
in P since the A of the redex () is the same as the A of the redex (Ay.M)z in P). Moreover, if the
B-redex (A\y.My)z, where y ¢ fv(M), is reduced in the term P = A\z.(A\y.My)z to give the term
Q = \z.Mz, then @ is not a Bn-residual of P in P (note that following the definition of a A-residual
given by Klop [Klo80], @ is a A-residual of the redex P in P since the A of the redex () is the same as
the A of the redex P in P). Our definition 7.2.1 differs from the common one stated by Curry and Feys
[CF58] by these cases as we illustrate in the following example: U¢((Az.(A\y.M)x)N,{1,1.0,1.1.0}) =
{"(Az.(\y.Ply := c(cy))z)Q) | n > 0A P € ¥¢(M,2) ANQ € V¢(N,2)}, where = & fv(Ay.M).
Let p = 1.0 then (\z.(\y.M)z)N L5, (\y.M)N.

Moreover, Py = ¢"((Az.(A\y.Ply := ¢(cy)])x)Q) iﬁn c"((A\y.Ply = c(ey)])Q) such that n > 0,
P e V¢(M,2),Q € VN, ), |{(Py, p')| = [(P,2".1.0)|° = p (using a lemma stated and proved in
the long version of this article) and ¢ ((\y.P[y := c(cy)])Q) € V¢((A\y.M)N, {0}).

Let us now compare our definition of 3n-residuals to the one given by Klop [Klo80] (A-residuals).
We believe that we accept more redexes as residuals of a set of redexes than Curry and Feys [CF58] (as
shown by our examples given earlier on in section 7) and less than Klop.

We introduce the two calculi A and A7, which are labelled versions of the calculi A and A7,
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t S A = T ‘ Apx.t ‘ t1to

v € ABS., = A\zZwT|A\Z.u[T:= c(cT)], where T ¢ fv(w)
w € APP. = wv|cu

u € An n= T|v|wulcu

where z, 7 € V \ {c}. Note that ABS. C APP. C An. C A.

The labels enable to distinguish two different occurrences of a \.

Since these two calculus are only labelled versions of A and A7, let us assume in this section that
the work done so far is true when A ans A7, are replaced by A and A7..

Klop [Klo80] defines his A-residuals as follows:

“Let R =My — My — ... — M — ... be a fn-reduction, Ry a redex in My and Ry
aredex in M, such that the head-\ of Ry, descends from that of Ry.
Regardless whether Ry, Ry are (3- or n-redexes, Ry is called a A-residual of Ry via R.”

We define the head-)\ of a fn-redex by: headlam((A,x.t1)t2) = (1,n) and headlam(\,z.tgz) =
(2,n),if ¢ & fv(ty). If F C Rf” we define headlamred(t, F) to be {(i,n) | Ip € F. headlam(t|,) =
(i,n)}. We define hlr(¢) to be headlamred(t, R}™).

The following lemma states the equality between the head-\’s of a set F of Bn-redexes of a term ¢
and the head-\’s of the Sn-redexes of any term w in the application of the function V¢ to ¢t and F:

Lemma 7.2. Letc ¢ fv(t) and F C Rt’g". If u € UC(t, F) then hlr(u) = headlamred(t, F).

The following lemma states that if a term u; in Ahc reduces to a term ' then the set of head-\’s of
the Bn-redexes of ' is included in the set of head-\’s of the 3n-redexes of u;.

Lemma 7.3. If u; € A7, and u; 23, «/ then hir(v') C hlr(uy).

Let us now prove that, following our definition, the set of head-\’s of the Bn-residuals of a set of
[Bn-redexes in a term is included in the set of head-\’s of the considered set of G7-redexes.

Letc & fv(t), F C Rtﬁ T and t ﬁggn t’ then by definition 7.2.1, there exists a unique F' C Rﬁ”,
such that for all u € U°(t, F) (by lemma 7.1.1c, u € A7), there exist v’ € Ue(t', F') and p’ € R

such that u %5, ' and |(u, p')| = p. The set F' is the set of Gr-residuals in ¢’ of the set of redexes
F in t relative to p. By lemma 2.1.3, ¢ ¢ fv(t’). By definition W(¢, F) is not empty. Let u € W°(t, F)

then there exist u/ € We(¢/, ') and p’ € RE" such that u iﬁn o and |(u, p’)|® = p. By lemma 7.3,
hlr(u’) C hlr(u). So, by lemma 7.2, headlamred(t’, ') C headlamred(t, F).

However, this is not enough to match Klop’s definition of A-residuals. As a matter of fact, we can
find ¢t and F such that, following Klop’s definition, pg € Rg” and pg is a A-residual of F via p but
po ¢ F'. For example: Let t = (Aox.zy)(A12.y2) gﬁn (Mzyz)y = t'. Let F = {0,2.0}. Then
Ue(t, F) = {((Aoz.c™2((2)y))(c™ (M12.c™ T (y)2))) | n1,n2,n3,n4 > 0}. Let u € UE(¢, F),
then u = ™ ((Aox.c™2(c3(x)y)) (™ (A\12.c™T1(y)2))) such that ny, ng, n3,ny > 0. We obtain u =
" ((Noz.c™2(c3(x)y)) (™ (M12.c™F L (y)2))) @)ﬁn cmtnz (s t3(\1z.cmt(y)2)y) = o such that
po = 2™.0. Then F' = {1.0} is the set of Bn-residuals in ¢’ of the set of redexes F in ¢ relative to
p. But 0 is a A\-residual of F via0 and 0 ¢ F.
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It turns out that, though our Bn-residuals are A-residuals, the opposite does not hold. For example:
t = AZ-AmB.20)T 35 A2 = ' and 0 € RO, but u = A (Am.c2(c(cy)))z € ¥o(t,{0,1.0})
and u = A\, Z.(A\pny.cz(c(cy)))x E’)ﬁn AnZ.cz(c(cz)) =u and 0 & Rﬁﬁ.

7.3. Confluence of 37)-developments, hence of 57-reduction

The next lemma is informative about Gn-developments.

Lemma74. 1. Let M € A, where ¢ & fv(M), and F C Rfjg\; Then:
(M, F) =5, (M',F') <= AN € UM, F). IN" € W(M', F'). N —}, N’

2. Let M € A, such that ¢ & fv(M) and F; C Fy C RZ@ If (M, F1) —gypa (M',F}) then there
exists F C RA7, such that F; C F} and (M, Fa) —pgpa (M, Fy).

Lemma 7.5. (confluence of the 57-developments)
Let M € A such that ¢ ¢ fv(M). If M ﬂgnd My and M Qﬁnd Mo, then there exist | C Rg/z,

i F}
F} C Ry and M3 € A such that My =4g,g Mz and My = g,q M.

Notation 7.1. Letc € fv(M). M —1 M' < 3F, F' (M, F) =44 (M', F').

The next lemma is needed for the main proof of this section: the Church-Rosser property of the
untyped A-calculus w.r.t. Sn-reduction.

Lemma7.6. 1. Letc ¢ fv(M). VP € U¢(M, ). R = 2.

2. Letc & fv(M) U fv(N) and z # c. VP € U¢(M, 2). ¥Q € U*(N, @). R

Plz:=Q)] =a.

3. Letc & fv(M). If p € Ry, P € (M, {p}) and P —4, Q then R)) = &.

4. Lete ¢ fv(M). If M L5, M’ then (M, {p}) —pgpa (M', D).

5. —>%

_ *
n— L

Finally, here is the main result of this section.

Lemma 7.7. A C CR?".

8. Conclusion

Reducibility is a powerful method and has been applied to prove using a single method, a number of prop-
erties of the A-calculus (Church-Rosser, strong normalisation, etc.). This paper studied two reducibility
methods which exploit the passage from typed (in an intersection type system) to untyped terms. We
showed that the first method given by Ghilezan and Likavec [GLO02] fails in its aim and we have only
been able to provide a partial solution. We adapted the second method given by Koletsos and Stavrinos
[KS08] from 3 to BI-reduction and we generalised it to Gn-reduction. There are differences in the type
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systems chosen and the methods of reducibility used by Ghilezan and Likavec on one hand and by Ko-
letsos and Stavrinos on the other. Koletsos and Stavrinos use system D [Kri90], which has elimination
rules for intersection types whereas Ghilezan and Likavec use AN and AN with subtyping. Moreover,
Koletsos and Stavrinos’s method depends on the inclusion of typable A-terms in the set of A-terms pos-
sessing the Church-Rosser property, whereas (the working part of) Ghilezan and Likavec’s method aims
to prove the inclusion of typable terms in an arbitrary subset of the untyped A-calculus closed by some
properties. Moreover, Ghilezan and Likavec consider the VAR(P), SAT(P) and CLO(P) predicates
whereas Koletsos and Stavrinos use standard reducibility methods through saturated sets. Koletsos and
Stavrinos prove the confluence of developments using the confluence of typable A-terms in system D (the
authors prove that even a simple type system is sufficient). The advantage of Koletsos and Stavrinos’s
proof of confluence of developments is that strong normalisation is not needed.
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