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1. Introduction

Intersection types were developed in the late 1970s to type A-terms that are untypable with simple types;
they do this by providing a kind of finitary type polymorphism where the usage of types is listed rather
than quantified over. They have been useful in reasoning about the semantics of the A-calculus, and have
been investigated for use in static program analysis. Expansion was introduced at the end of the 1970s
as a crucial procedure for calculating principal typings for A-terms in type systems with intersection
types, enabling support for compositional type inference. Coppo, Dezani, and Venneri [4] introduced
the operation of expansion on typings (pairs of a type environment and a result type) for calculating
the possible typings of a term when using intersection types. As a simple example, the A-term M =
(Az.x(A\y.yz)) can be assigned the typing ®; = ((z : a) - (((a — b) — b) — ¢) — ¢), which happens
to be its principal typing. The term M can also be assigned the typing ®2 = ((z : a1 Maz2) F (((a1 —
b1) — b1) M ((ag — by) — ba) — ¢) — ¢), and an expansion operation can obtain @, from .

Because the early definitions of expansion were complicated, E-variables were introduced in order
to make the calculations easier to mechanize and reason about. For example, in System E [2], the typing
®; from above is replaced by ®3 = ((z : ea) F (e((a — b) — b) — ¢) — ¢), which differs from ®; by
the insertion of the E-variable e at two places, and ®- can be obtained from ®3 by substituting for e the
expansion term E = (a := a1,b := b1) M (a := ag, b := be). Carlier and Wells [3] have surveyed the
history of expansion and also E-variables.

In many kinds of semantics, the meaning of a type 7' is calculated by an expression [T'],, that takes two
parameters, the type T" and also a valuation v that assigns to type variables the same kind of meanings that
are assigned to types. To extend this idea to types with E-variables, we would need to devise some space
of possible meanings for E-variables. Given that a type e T" can be turned by expansion into a new type
S1(T') 1 So(T), where S; and Sy are arbitrary substitutions (they can be arbitrary further expansions),
and that this can introduce an unbounded number of new variables (both E-variables and regular type
variables), the situation is complicated. Because it is unclear how to devise a space of meanings for
expansions and E-variables, we instead develop a space of meanings for types that is hierarchical in
the sense of having many degrees. We specifically avoid trying to give a semantics to the operation
of expansion, and instead treat only the E-variables. Although this idea is not perfect, it seems to go
quite far in giving an intuition for E-variables, namely that each E-variable acts as a kind of capsule that
isolates parts of the A-term being analyzed by the typing.

In the open problems published in the proceedings of the Lecture Notes in Computer Science sym-
posium held in 1975 [7], it is suggested that an arrow type expresses functionality. Following this idea, a
type’s semantics is given as a set of closed A-terms with behaviour related to the specification given by the
type. Hence, the semantic approach we use is realisability semantics. Atomic types (e.g., type variables)
are interpreted as sets of A-terms that are saturated, meaning that they are closed under -expansion
(i.e., -reduction in reverse). Arrow and intersection types are interpreted naturally by function spaces
and set intersection. Realisability allows showing soundness in the sense that the meaning of a type T’
contains all closed \-terms that can be assigned 7" as their result type. This has been shown useful for
characterising the behaviour of typed A-terms [14]. One also wants to show the converse of soundness
which is called completeness, i.e., that every closed A-term in the meaning of 7" can be assigned 71" as its
result type.

Hindley [9, 10, 11] was the first to study this notion of completeness for a simple type system and he
showed that all the types of that system have the completeness property. Then, he generalised his com-
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pleteness proof for an intersection type system [8]. Using his completeness theorem for the realisability
semantics based on the sets of \-terms saturated by (n-equivalence, Hindley has shown that simple
types are uniquely realised by the A-terms which are typable by these types. However, Hindley’s result
does not hold for his intersection type system and the completeness theorems were established with the
sets of \-terms saturated by 3n-equivalence. In this paper, our completeness result depends only on the
weaker requirement of §-equivalence, and we have managed to make simpler proofs that avoid needing
n-reduction, Church-Rosser (a.k.a. confluence), or strong normalisation (SN) (although we do establish
both confluence and SN for both 5 and 3n).

Other work on realizability we have consulted includes that by Labib-Sami [15], Farkh and Nour [6],
and Coquand [5], although none of this work deals with intersection types or E-variables. Related work
on realisability that deals with intersection types includes that by Kamareddine and Nour [12], which
gives a realisability semantics with soundness and completeness for an intersection type system. This
system is quite different from the three hierarchical systems we present in this paper. The main difference
being the hierarchies which did not exist in [12].

Initially, we aimed to give a realisability semantics for the system of expansions proposed by Carlier
and Wells in [3]. In order to simplify our study, we considered the system with the expansion variables
but without the expansion rewriting rules. In essence, this meant that the syntax of terms is: M ::= x|
(M N) | (Az.M) where = ranges over a countably infinite set of variables V, that the syntax of types
issTu=a | w | Th—Ty | T1NTy | €T where a is a basic type ranging over a countably infinite
set of type variables .A and e is an expansion variable ranging over a countably infinite set of expansion
variables £, and that the typing rules are:

var

z:((z:T)FT)

M:{)Fw
M: (T, (z:T)) FTy)

b
MM :(DFTL—To)

M, :(IhWkTy —Ty) My: (T2 FT1)
My My : (TN Ty F T)

app

M:<F1|—T1> M(FQI_T2>
M:<F1|TF2}—T1HT2>

M:(THFT)
M : (el' - eT) ©-app
In order to give a realisability semantics for this system, we needed to define the interpretation of
a type to be a set of terms having this type. We were obviously forced to distinguish between the
interpretation of 1" and eT'. However, in the typing rule e-app, the term M is unchanged and this poses
difficulties. For this reason, we modified slightly the above type system by indexing the terms of the
A-calculus giving us the syntax of terms as: M == 2* | (M N) | (\z'.M) (where i are natural
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numbers and where M and N need to satisfy a certain condition before (M N) is allowed as a term) and
by slightly changing our type rules and in particular the rule e-app:
M:(THU)
M + : <€F |_7; eU >

(exp)

In this rule, M is M where all the indices are increased by 1. Obviously these indices needed a revision
of the G-reduction and of the typing rules in order to preserve the desirable properties of the type system
and the realisability semantics. For this, we defined the good terms and the good types and showed that
these notions go hand in hand (e.g., a good type contains only good terms). We developed a realisability
semantics where each use of an E-variable in a type corresponds to an index at which evaluation occurs
in the A-term that is assigned the type. This is an elegant solution that captures the intuition behind
E-variables. However, in order for this new type system to function well, it was necessary to consider
Al-terms only (removing a subterm from M also removes important information about M) and to drop
w completely. This led us to the introduction of AIN-calculus and our first type system F; for which we
developed a sound realisability semantics for E-variables. However, although the first type system
is crucial to understand the intuition behind the indexing we propose, the realisability semantics for -
does not satisfy completeness (and neither subject reduction). For this reason, we modified our system
1 by considering a smaller set of types (where intersections and expansions cannot occur directly to the
right of an arrow), and by adding subtyping rules. This new system 2 has both soundness and subject
reduction. As for completeness, we needed to limit the list of expansion variables to a single element
list. This problem of completeness for -5 comes from the fact that the indexes (the natural numbers) do
not permit us to differentiate between the types e; T’ and e’ for two different expansion variables e
and es. So, again, we were forced to revise our type system. For this, we decided to limit our A-terms by
indexing them by lists of natural numbers (where the natural number ¢ represents the expansion variable
e;). This way the rule exp above will allow us to distinguish the interpretations of the types e;T" and e;T'
when e; # e;. Furthermore, this way, our A-terms are constructed in such a way that K-reductions do
not limit the information on the starting terms (in fact, -reduction is not always allowed). In order to
obtain completeness with the w-rule, we should also consider w indexed by lists. This means that the
new calculus becomes rather heavy but this is unavoidable. It is needed to obtain a complete realisability
semantics where an arbitrary (possibly infinite) number of expansion variables is allowed and where the
universal type w is present. The use of lists complicates matters and hence, needs to be understood in
the context of the first semantics where indices are natural numbers rather than lists of natural numbers.
In addition to the above, we have considered three notions of saturations (in line with the literature)
illustrating that these notions behave well in our complete realisability semantics.

Section 2 gives the syntax of the indexed calculi we consider in this paper: the AI"-calculus, which
is the AI-calculus with each variable marked by a natural number degree, and the full A-calculus A“3-
calculus indexed with finite sequences of natural numbers. We show the confluence of 3, 57 and weak
head reduction A on our indexed A-calculi. Section 3 introduces the syntax and terminology for types
used in both indexed calculi. Section 4 introduces our three intersection type systems with E-variables ;
fori € {1, 2,3}, where in one, the syntax of types is not restricted (and hence subject reduction fails) but
in the other two it is restricted but then extended with a subtyping relation. In Section 5 we study the type
theoretical properties of our three type systems including subject reduction and expansion with respect
to our various reduction relations (3, 81, h). In Section 6, we introduce our realisability semantics and
show its soundness for all the three type systems we consider (and for all the reduction relations). In
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Section 7 we establish the challenges of showing completeness for the realisability semantics of the first
two systems. We show that completeness does not hold for the first system and that it also does not hold
for the second system if more than one expansion variable is used, but does hold for a restriction of this
system to one single E-variable. This is an important study in the semantics of intersection type systems
with expansion variables since a unique expansion variable can be used many times and can occur nested.
In Section 8 we establish the completeness of -3 by introducing a special interpretation. We conclude in
Section 9. Due to space limitations, we omit the details of the proofs. Full proofs however can be found
in the expanded version of this article (currently at [13]) which will always be available at the authors’
web pages.

2. The syntax of the indexed \-calculi

We assume that if a metavariable v ranges over a set S then v; for i > 0 and v/, v”, etc. also range over S.
A binary relation is a set of pairs. Let rel range over binary relations. Let dom(rel) = {z | (x,y) € rel}
and ran(rel) = {y | (z,y) € rel}. A function is a binary relation fun such that if {(x, y), (z,2z)} C fun
then y = z. Let fun range over functions. Let s — s’ = {fun | dom(fun) C s Aran(fun) C s'}. We
sometimes write x : s instead of = € s.

Definition 2.1. (Indices)
We have two kinds of indices: natural numbers for our first semantics (clause 1) and lists of natural
numbers for our second semantics (clauses 2..5). We let I, J, range over indices.

1. Let n, m range over the set of natural numbers N = {0, 1,2, ... }.

2. Let L, K, R range over Ly the set of finite sequences of natural numbers (n;)1<i<;. We denote @
the empty sequence of natural numbers.

3. If L = (n;)1<i<i, we use m :: L to denote the sequence (7)1<;<;+1 Where 1 = m and for all
i€{2,...,l+1},r; =n;_1. In particular, k :: @ = (k).

4. If L = (ni)1<i<n and K = (m;)1<i<m, We use L :: K to denote the sequence (7;)1<i<n+m Where
foralli € {1,...,n},r;, = n;and foralli € {n+1,...,n+ m}, r; = m;_,. In particular,
L:o=@:L=L.

5. We define on Ly a binary relation < by:
Ly = Ly (or Ly = Ly) if there exists Ly € Ly such that Lo = Ly :: Lg.

Lemma 2.1. <is an order relation on L.

We assume that x, y, z range over a countably infinite set of variables V.

We will define two indexed calculi: the AIN-calculus (whose set of terms is called M, as well as
M for notational reasons) and the \“¥-calculus (whose set of terms is M3). As obvious, indices in AI™
are simple but only allow the I-part of the calculus.

We let M, N, P range over M; = M3 (resp. M3) and use = for syntactic equality. We assume
the usual definition of subterms and the usual convention for parentheses and their omission (see Baren-
dregt [1] and Krivine [14]).
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The joinability M ¢ N of terms M and NN ensures that in any term that contains M and N, each
variable has a unique index (note that it is more accurate to include this as part of the simultaneous
inductions in Definitions 2.3 and 2.5, but for clarity, we took it apart here).

Definition 2.2. (Joinability ¢)
Leti € {1,2,3}.

o Let M, N be terms of A" (resp. A“") and let FV(M) and FV () be the corresponding free
variables. We say that M and N are joinable and write M o N iff for all = € V, if 2/ € FV(M)
and z7 € FV(N) (where I, J are indices in N (resp. Ly)), then I = J.

o If X C M, suchthatVM,N € X, M o N, we write, oX.
o If ¥ C M; and M € M; suchthat VN € X, M o N, we write, M ¢ X.

Now we give the syntax of A\I", an indexed version of the A\I-calculus where indices (which range
over the set of natural numbers N) help categorise the good terms where the degree of a function is never
larger than that of its argument. This amounts to having the full Al-calculus at each index and creating
new AJ-terms through a mixing recipe.

Definition 2.3. (The set of terms M (also called M5))
The set of terms M; = Mo, the set of free variables FV (M) of M € M and the degree d(M) of a
term M, are defined by simultaneous induction:

o If x € V,n € N, then 2" € My, FV(2") = {z"}, and d(z") = n.

o If M, N € Ms such that M ¢ N (see Definition 2.2), then M N € My, FV(M N) =FV (M) U
FV(N)and d(M N) = min(d(M),d(N)) (where min is the minimum)

o If M € My and 2" € FV(M), then Az".M € My, FV(Aa". M) = FV(M) \ {2"}, and
d((Az™.My)) = d(M)).

Note that a subterm of M € M is also in M.
Here is now the syntax of good terms in the AIN-calculus.

Definition 2.4. (The set of good terms M C M5)
1. The set of good terms Ml C M3 is defined by:

o Ifx €V, neN,then " € M,
o If M,N € M, MoN and d(M) < d(N) then M N € M.
o If M € Mand 2™ € FV(M), then Az™.M € M.

Note that a subterm of M € M is also in M.

2. Foreachn € N, we let: o M" =Mn M5

Lemma 2.2. 1. (M is good and " € FV(M)) iff Ax™.M is good.
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2. (M and My are good, My ¢ My and d(M7) < d(My)) iff My M, is good.

Now, we give the syntax of A“¥. Note that in M3, an application M N is only allowed when
d(M) =< d(N). This restriction was not made in A\I". Furthermore, we only allow the abstraction
Azl M in \*¥ L = d(M) which is also the case in AI since there, we only consider the I-calculus.
The elegance of AI™ is the ability to give the syntax of good terms, which is not obvious in A2,

Definition 2.5. (The set of terms M3)
The set of terms M3, the set of free variables FV (M) of M € M3 and the degree functiond : M3 —
Ly are defined by simultaneous induction:

e Ifz € Vand L € Ly, then ¥ € M3, FV(zt) = {2} and d(2) = L.

o If M, N € M3,d(M) = d(N)and M ¢ N (see Definition 2.2), then M N € M3, FV(MN) =
FV(M)UFV(N) and d(M N) = d(M).

o Ifz € V, M € Mzand L = d(M), then \x™.M € Mz, FV(\zZ.M) = FV(M) \ {z’} and
d(\z. M) = d(M).

Note that every subterm of M € M3 is also in Ms.

As expansions change the degree of a term, indexes in a term need to increase/decrease. The next
definitions turn terms of degree n into terms of higher degrees and also, if n > 0, they can be turned into
terms of lower degrees. Note that * and ~ are well behaved operations with respect to all that matters
(free variables, reduction, joinability, substitution, etc.).

Definition 2.6. 1. Foreachn € N, we let: o My ={M € My |d(M) =n}
o MZ" = M5 e M5" = {M € My | d(M) > n}

2. We define * : My — My and ~ : M5° — M; by:
° (.CUn)+ — ol o (M, M2)+ — ]\41+ M2+ ° (Ax”.M)"' — A" Mt
° (xn)— — =l o (Ml M2)_ = Mf M2* ° ()\:L‘n.M)_ — "l M-

3. Let ¥ C My. If VM € X, d(M) > 0, we write d(X) > 0. We define:
o X+t ={M*|Me X} oIfd(X)>0,X" = {M~ | Me X}

4. We define M ~" by induction on d(M) > n > 0. If n = 0 then M ™" = M and if n > 0 then
M=) = (M=)~

Definition 2.7. Leti € Nand M € Ms3.

1. Foreach L € Ly, we let: e MY ={MeM;|dM)=L}
o Mzl ={M e M3 |d(M) = L}

2. We define M T by: ' '
o(xh) Tt =gl o(My My)™h =M™ M)  e(Axl M)t = AgE Mt

3. If d(M) =i :: L, we define M~ by: o(z YTl = K
o(My My)™ = M{" My* oAt M) = \pK M1
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4. Let X C Mjs. We define X' = {M T | M € Xx}.
Note that (X N )Tt = xX+iny+i,

Definition 2.8. (Substitution, alpha conversion, compatibility, reduction)

e Letm > 0,1 < i < m, M, N; be terms of A (resp. \*¥) and I; € N (resp. Ly). M[(xfl =
Ni)i<i<m] (or simply M [(xfl := N;)m)), the simultaneous substitution of V; for all free occur-

rences of xfl in M only matters when:

- oX where ¥ = {M}U{N; |1<i<m}.
- Visuchthat 1 <i < m, we have d(N;) = I;.

We restrict substitution to incorporate these conditions. With X as above, M [(z]" := N;),y,] is only
Im . N,
m

defined when oX" and when d(N;) = I; for every i.!| We may write m{l = Nip,...,x;m

instead of (7" := N;),. We also write M|[(z] := N;)1<i<1] as M[zl' := Ny].

e In AN (resp. A“Y), we take terms modulo a-conversion given by: Azl .M = Ay .(M[z" := y'])
where V.J, y‘] & FV(M) (where I,J € N (resp. Ly)). We use the Barendregt convention (BC)
where the names of bound variables differ from the free ones and where we rewrite terms so that

not both Az’ and Az’ co-occur when I # J.
e Leti € {1,2,3}. Arelation R on M; is compatible iff for all M, N, P € M;:

- If (M, N) € Rand \x!. M, \z!.N € M, then (\z!.M, \z!.N) € R.
_ If (M,N) € Rand MP, NP € M, then (MP, NP) € R.
— If (M,N) € R, and PM, PN € M, then (PM, PN) € R.

e Leti € {1,2,3}. The reduction relation >3 on M; is defined as the least compatible relation
closed under the rule: (\z!.M)N >3 M[z! := N]ifd(N) = I.

e Leti € {1,2,3}. The reduction relation >, on M; is defined as the least compatible relation
closed under the rule: Az!.(M 1) >, M if 2! ¢ FV(M)

e Leti € {1,2,3}. The weak head reduction >, on M; is defined by:
(Ax!.M)NN;...N, >, M[z! .= N]N;y...N, where n >0

e Welet>g, =D>gUDy,.

e For a reduction relation >, we denote by > the reflexive and transitive closure of >>,.. We denote
by ~, the equivalence relation induced by >>.

The next theorem states that reductions preserve the free variables and the degree of a term.

Theorem 2.1. Leti € {1,2,3}. Let M € M, and r € {3, fn, h}.

L. If M > N, then FV(N) = FV(M) and d(M) = d(N).

"We can prove the following lemma: Let ¥ = {M} U {N; | 1 < j < m}. We have: oX and V1 < j < m, d(N;) = I; iff
M[(z = Nj)m] € M; where i € {1,2,3}.

J
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2. Ifi=3and M >} N,then FV(N) C FV(M) and d(M) = d(N).
3. Ifi # 3and M >3 N then FV(M) = FV(N), d(M) = d(IV) and M is good iff N is good.

Proof:

1. By induction on M >} N.

2. Case r = (3. By induction on M DE N.
Case r = fn, by the 3 and 7 cases.
Case r = h, by the (3 case.

3. By induction on M > N.

Normal forms are defined as usual.

Definition 2.9. Leti € {1,2,3}.

1. M € M;isin 3- (resp. 31-, h-) normal form if there is no N € M, such that M >z N (resp.
M[>5,7 N, M >y N).

2. M € M; is f-normalising (resp. On-normalising, h-normalising) if there is an N € M; such that
M DE N (resp. M >, N, M >, N) and N is in $-normal form (resp. 3n-normal form, h-normal
form).

Finally, 8, 671 and h reductions are confluent on the indexed lambda calculi:

Theorem 2.2. (Confluence)
Leti € {1,2,3}. Let M, My, My € M; and r € {3, 3n, h}.

1. If M >} My and M >} Mo, then there is M’ such that My > M’ and My > M.

2. M ~, My iff there is a term M such that M; >} M and My > M.

Proof:
We establish the confluence using the standard parallel reduction method. Full details can be found
in [13]. O

3. The types of the indexed calculi

We assume that a,b range over a countably infinite set of type variables .4, and that e ranges over
a countably infinite set of expansion variables £ = {€p,e1,...}. We denote &;, ...¢€;, by €i(1:n) OF
alternatively by €k, where K = (i1,...,%,). In all our type systems, we quotient types by taking
to be commutative (i.e. Uy M Us = Uy M Uy), associative (i.e. Uy M (U M Us) = (Uy M Us) M Us)
and idempotent (i.e. U MU = U), by assuming the distributivity of expansion variables over "1 (i.e.
el-(Ul M Ug) =e;U; MeUsz). We denote Uy, MUy 41 - MU, by ﬂ?;nUi (whenn < m).
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For AIN, we study two type systems (none of which has the w-type). In the first, there are no
restrictions on where the arrow occurs. In the second, intersections and expansions cannot occur directly
to the right of an arrow.

Definition 3.1. (Types, good types and degree of a type for \I")
1. The sets of types Ty C Uy C U are defined by Uy := A | Uy — U; | U3 MUy | €Uy and
Uy :=UyM Uy | EUy | Ty where Ty = A | Uy — To. Welet T,U, V,W (resp. T, resp.
U, V, W) range over U; (resp. To, resp. Us).

2. We define a function d : U; — N by (hence d is also defined on Us):
ed(a)=0 ed(U — T) =min(d(U),d(T))
ed(elU)=dU)+1 e d(UNV)=min(d(U),d(V)).

3. We define the good types on U; by (this also defines good types on Us):
elfa € A, thenaisgood eIfU isgoodande € &, then el is good

o If U, T are good and d(U) > d(7T'), then U — T is good
o If U,V are good and d(U) = d(V), then U M V is good

The next lemma states when arrow, intersection and expansion types are good.

Lemma 3.1. 1. On U; (hence on Us), we have the following:

(a) (U,T are good and d(U) > d(T")) iff U — T is good.
(b) (U,V are good and d(U) = d(V)) iff U MV is good.
(c) U is good iff eU is good.

2. On Us, we have in addition the following:

(a) If T € To, then d(T') = 0.

(b) If d(U) = n then U = M¥_, &1.,) Vi where k > 1 and 3i.V; € Ta.

(c) If U is good and d(U) = n, then U = I_Ileé'i(lzn)Tl- where k > landV 1 <i<k,T; €Ts.
(d) U and T are good iff U — T is good.

For \“¥, we study a type system (with the universal type w). In this type system, in order to get
subject reduction and hence completeness, intersections and expansions cannot occur directly to the
right of an arrow (see U3 below). Note that our sets U3 and Tg are far more restricted here than for the
M N-calculus and that we do not have the luxury of giving a syntax for a so-called good types. Note

also that the definitions of degrees and types are simultaneous (unlike for Uy and Ty where types were
defined without any reference to degrees).

Definition 3.2. (Types and degrees for \“v)
1. We define sets of types Tg C Us, and a function d : Us — Ly by simultaneous induction as
follows:
e Ifac A thena € Tg and d(a) = @.
e IfU€UsandT € T3, thenU — T € Tgandd(U — T) = @.
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e If L € Ly, then w” € Uz and d(w”) = L.
e IfU,Us € Us and d(Ul) = d(Ug), then U1 MU,y € Us and d(Ul M UQ) = d(Ul) = d(UQ).
e UcUsande; € & theng;U € Usand d(e;U) =i :: d(U).

Note that d remembers the number of the expansion variables €; in order to keep a trace of them.

2. We let T range over Ts, and U, V, W range over Us. We quotient types further by having w’ as a
neutral (i.e. w’ MU = U). We also assume that for all i > 0 and K € Ly, gw’ = K,

All our type systems use the following definition (of course within the corresponding calculus, with
the corresponding indices and types):

Definition 3.3. (Environments)

1. Let k € {1,2,3}. A type environment for Uy is a set {z]' : Uy,...,zln : U, | n > 0,V1 <
1,7 < n,U; € Ug,and if xf = x]I’ then U; = U;}. We denote such environment (call it I') by
et Uy, xln U, or simply by (22 : U;),, and define dom(T) = {z}' | 1 < i < n}. We let
Enwy, be the set of type environments for Ug. If dom(I'1) N dom(T'z) = 0, we write I'y, I’y for
I’y UT,. Let T, A range over environments and let () be the empty environment.

2.IfI' = (J:ZIZ : Uy)n, and 27 ¢ dom(T'), then we write ', 27 : U for the type environment z1' :
Ul,...,xfl" Uy, z? 2 U.

3. We say that I'; is joinable with 'y and write I'; ¢ I'g iff
forall z € V, if ! € dom(T';) and =7 € dom(I'y), then I = J.

4. We say that a type environment I is OK (and write OK(T")) iff forall z/ : U € T, d(U) = I.

5. LetTy = (x]" : Up)p, T, Tg = (2] : U!)p, Ty where dom(T%}) N dom(T%) = P and ¥1 < i < n,
d(U;) = d(U}). We denote I'; M T'; the type environment
(z!': U;NUY),, T, Th. Note that dom (T M) = dom(T';)Udom(T'y) and that, on environments,
M is commutative, associative and idempotent.

6. In AIN (i.e., on Envy, and Enuvy,), we define for T' = (27 : U;),,:

3
e I'is good iff , for every 1 < i < n, U; is good.
e d(I") > Oiff forevery 1 <i <mn,d(U;) > 0and n; > 0.
o e = (gc;”+1 :eUi)n. Soe(T'; MTg) = el'y Mels.

7. In A2Y (ie., on Enuy,), we define:

o If M € Mzand FV(M) = {zF ... xLn}, let envy, be the type environment (:U{” s whi),.
o Letl' = (:UZLI :Ui)p and € € £.

— We denote ¢;I" = (:U?"Li :€;U;)n. Note that e(I'; M T'y) = el'; Mels.

- d(T") = Lifand only if forall i € {1,...,n}, d(U;) = L.

As we did for terms, we decrease the indexes of types and environments.
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Definition 3.4. (Degree decreasing in \/ Ny
1. If d(U) > 0, we inductively define the type U~ by:
o (U1 NUz)~ =U; MUy o) =U
If d(U) > n > 0, we inductively define the type U " by:
if n=0then U™ = U and if n. > 0 then U~("+D) = (U—")~,

2. T = (2 : Uy)p and d(T) > 0, then we let T~ = (2" : U, ).
If d(T') > n > 0, then,
ifn=0then " =T and if n > 0 then [~ (*+1) = (T"-7)~.

Definition 3.5. (Degree decreasing in \“")
1. fd(U) = L, thenif L = @ then U~ = U else L = i :: K and we inductively define the type
U~L as follows:
(Ul M U2>7i::K — Ul—zK M U2—ZK (éiU)fi::K — U*K

We write U~ instead of U~ (),

2. T = (¢ : U))p and d(T) = L, then forall i € {1,...,k}, L; = L :: L} and I~ denote
(zhi U5,

7

We write "% instead of T~

4. The type systems I-; and 5 for \I" and I3 for A\~

In this section we introduce our three type systems ; for i € {1, 2, 3}, our intersection type systems with
expansion variables. The systems F; (which uses types in U;) and 2 (which uses types in Us) are for
AN, b3 (which uses types in Us) is for A“. In I, types are not restricted and Subject Reduction (SR)
fails. In F-9, the syntax of types is restricted (see Us), and in order to guarantee SR for this type system
(and hence completeness later on), we introduce a subtyping relation which will allow intersection type
elimination (something not available in the first type system). In F3, the syntax of types is restricted
further (see Us) so that completeness will hold with an arbitrary number of expansion variables.
We follow [3] and write type judgements as M : (I' - U) instead of I' = M : U.

Definition 4.1. (The type systems)
Leti € {1,2,3}. The type system (; uses the set U; of definitions 3.1 and 3.2. The typing rules of 1
and k9 are given on the left of Figure 1 (recall that when used for -1, U and T range over all of Uy, and
when used for -2, U ranges over Uz and T ranges only over T3). The typing rules of -3 are given on the
left of Figure 2. In the last clause, the binary relation C is defined on Uy and Us by the rules on the right
hand side of Figures 1 and 2 respectively. For j € {2,3}, we let ® denote types in U}, or environments
I or j-typings (I' k- U). When @ C &', then ® and &' belong to the same set (U;/Enwy,/j-typings).
e We say that I' is i-;-legal iff there are M, U such that M : (I' =; U).
eLetk € {1,2}. We say that

o (I' -, U) is good iff " and U are good.

ed((I'x U)) > 0iffd(T") > 0and d(U) > 0.
e We say that d((I' 3 U)) = Lif and only if d(T') = L and d(U) > L.

To illustrate how our indexed type system works, we give an example:
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Leti € {1,2}
IntFq, U and T range over all of U;.

In 2, U ranges over Us and T ranges only over T5

Tgood d(T)=n

@ T T )

T good
20 {2 T) o T)

(ax)

M: T, @ :U)~T)

MU STy 1)

M12<F1|_iU—>T> M2<F2|_ZU> FlOFQ (

*}E)
MlMg . <F1 |_|F2 Fz T>

M . <F1 Fl U1> M . <F2 Fz U2>

I
M : (01 NTy b U N Us) (1)

M:(T+; U)

M : (el eU) (czp)

M: (Do U) (Do U)YC(I o U)
M: <F/ FQ U/>

(©)

C is defined on:
Us, Envy, and 2-typings.

‘I)E(D (T@f)

O E Dy Py C Py
® C O3

(tr)

Us good d(Uy) =d(Us)
u,nuv, .U

(MEe)

UUCVE U E VW, )
UnUs CViNW,

U, CUL ThCET
Uy =T CU; =15

—)

Ui CU;
€U1 E 6U2

(Ceap)

Ui CU; y"* ¢ dom(I)

L,(y":U) CT, (y" : Us) (Ee)

UCU; ToCT

(I't Fo Up) E(Tg o Us) o)

Figure 1. Typing rules / Subtyping rules for -1 and -

Exampled4.l. let L1 =3:0<1s=3:2:0=3L3=3:2:21:0<xL;,=3:2:1:0::0
and let a, b, c,d € A. Consider M, M', U as follows:

M = X2 Ayl (yPr (al2 uls ol (uls (vl o)) € M3,

M = Xz2 b (gt (22 2 ot (ud (viot)))) € Mo.

U =e3(ez(er((egb — ¢) — (ep(aM(a — b)) — ¢)) — d) — (((e2d — a) M b) — a)).

We invite the reader to check that M : (() b3 U) and M’ : {() k2 U). We simply give some steps
in the derivation of M : (() k3 U) (note that the derivation of M’ : (() k2 U) only differs from the
derivation of M : (() k3 U) by replacing everywhere b3 by -9 and any list ny :: ng--- :: ng :: @ by k
for any k£ > 0):

o 1202 :<v?:alM(a—b)F3b>
o 050050 . o )0:0 :go(a M (a — b)) F3 €egb >
o u? < u?:epb— chszegh — c>

u@ (v 9p050) < u@ 1 gph — ¢, %9 1 gg(aM (@ — b)) F3 ¢ >

M0 @ (p0:0y050) i< 4@ 1 g — c k3 eg(am (a — b)) — ¢ >
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U ranges over Uz and T ranges only over T3

P @0 Ty ) Y

(w)

M : (env§y b3 wd(M)>

M (T (" :U) 3 T)
Ml M : (T U —T)

(—=1)

M:(lkF3T) z® ¢ dom(T)
Azl M (D k3wt —T)

—=1)

M1I<F1F3U—>T> M2:<P2F3 U> F1<>F2(
MlMQ : <F1 HFQ }_3 T>

—5)

M:(FFg U1> M<FF3 U2>
M:(F}_3U1|_|U2>

(Mr)

M <F "3 U>
M1 <EjF b3 EjU>

(e)

M(F"gU) <F|_3U>E<F/}_3U/>

M: (I s U')

©)

C is defined on:
Us, Envy, and 3-typing.

aco e

O C Py P C D3 (tr)
®; C &3 "

d(U1) = d(Us)
LNt n, ()

U'CVi U2 C Ve d(Uh) =d(Us)

UinUs C VNV, (l_l)

U, CUL ThCET;
(=)
Uy —-T1 CUz—T3

Ui C U =
elU; Cely = ¢

Ui C Uz yL ¢ dom(T")
Lyt : U, C,y" Uy

(Ce)

UiCU; T2CIN
(T'y b3 Up) C (T2 3 Ua)

(Cqy)

Figure 2. Typing rules / Subtyping rules for -3

M@ M@ @ (00:0905@) i< () b5 (b — ¢) — (€p(aTl (a — b)) — ¢) >

Aul::@)\,Ul::O::@.ul::@(,Ul::O::®U1::O::®)

< () Fser((eb— c) — (eo(am(a — b)) —c)) >
29 :< 29 1 e1((eph — ¢) — (ep(aT (@ — b)) —¢)) — d
k3 e1((€pb — ¢) — (ép(aM(a — b)) —¢)) —d>

1‘®(Au1::®.)\U1::O::®.U1::®(U1::0:2®U1::0::®)) .
<29 :e1((€gh — ¢) — (eg(aM(a — b)) —c)) > dbsd>

xQ::@()\u2zzlsz®_)\UZ::1::0::®_U2::1::®(,UQ::I::O::®,02::1::O::®))

< 229 1 ey(e1((€ob — ¢) — (eo(amM (@ — b)) — ¢)) — d) k3 e2d >
Y@ (22O (Au2H1H0 \p2i1:050 2150 (215050 2:1:050) )
2 ex(e1((egb — ¢) — (eg(aM(a — b)) — ¢)) — d),
y© : (ead — a)Mblsga>
A2 (Y2 (270 (Mu2150 \p2i1:050 425150 (32:1:050,,2:1:0:0) ) ) )
< 29 1 gy(e1((€gb — ¢) — (€o(am (a — b)) — ¢)) — d),
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3 ((égd—>a)|_|b) —a >
2:

o \2EQ Ny (Y@ (22 @ (Au2150 €\y2:ili0:0 20100 (4)2:1:0:09)2:1:0203 ) )
< () Fz ez(e1((eob — ¢) — (eo(aM(a — b)) — ¢)) — d),
— (((e2d — a) M b) — a) >

o \xlz \yl1 (yhr(zl2 (Aubs Aol uls (viwta))))
< () k3 e3(@(e1((€b — ¢) — (eo(aM(a — b)) — ¢)) — d),
— (((ead — a) b)) — a)) >

Definition4.2. 1. In A\IN,if U € Us and T’ € Enuy, such that d(T') > 0 and d(U) > 0, then we let
(T U))” = (T 2 U™)).

2. In M, if U € U3z and T' € Enuvy, such that d(T') = K and d(U) = K, then we denote
(TR U)K =" UF).

Next we show how ordering propagates to environments and relates degrees:
Lemmad.l. 1. I CI/,UC U andz! & dom(T') thenT, (2! : U) C TV, (2! : U").
2. TETViffT = (2 : Up)p, TV = (2 : U}), and forall i € {1,...,n}, U; C U

3. Letj € {2,3}. ' U)C I U)iff I'CTandU C U'".
4. C is well defined on Uj, Envy, and on j-typings, for j € {2,3, }.
5. If Uy C Uy then d(Uy) = d(Us) and U; is good iff Us is good.

6. If 'y C 'y thend(I'y) = Liff d(T'y) = L.
Proof:
1. and 2. By induction on the derivation I' C I".
3. By induction on the derivation (I' ; U) T (I ; U’).
4. By induction on the derivation ®; C $o

5. By induction on the derivation Uy C Us.
6. By induction on the derivation I'; C T's. O

The next theorem states that typings are well defined, that within a typing, degrees are well behaved
and that we do not allow weakening.

Theorem 4.1. Let j € {1,2,3}. We have:
1. F; is well defined on M; x Envy; x Uj.
2. LetT = (z!" : U;),, and M : (T F; U). Then:

(@) d(M) = d(U) and V1 < i < n, d(U;) = I.
(b) If j = 3 then d(T") = d(U).
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(c) If j # 3 then U and M are good and V 1 < ¢ < n, d(U;) > d(M) and Uj is good.
3. Let M : (I' /; U). Then:

(a) dom(T") = FV(M).
(b) If j # 3and d(U) > k then M~ : (I'7* |_,U—k>
(¢c) Ifj =3and d(U) = K then MK . (7K -3 U—K),

Proof:
We prove 1 and 2 simultaneously by induction on the derivation M : (I' -; U) using Lemma 4.1. We
prove 3 by induction on the derivation M : (I' F; U). 0

Here are some derivable typing rules.

Remark 4.1. Let j € {2,3}.
M : (I F; Uy) M : (T 5 Ug)
M : <F1|_|F2 '_j U1|_|U2>

Uisgood d(U)=n
a2 ((zn : U) ko U)

1. The rule

1 is derivable.

2. The rule ax’ is derivable.

3. The rule az” is derivable.
240) ; ((2d0) . U) k3 U)

4. The rule ——————— w is derivable.
U C wd(U)

Lemma 4.2. Leti € {1,2,3}.
1. If M : (I' =3 U) then T' T env,
2. Ifdom(I') = FV(M), and Va2l : U € T, d(U) = L then M : (T b3 w™?)),
3. If My : (D' b U) and My : (Dy F; U) then T'y o Ty iff My o M.

Proof:
1. LetT = (zX : U;), where FV(M) = {2 252 ... zL»} by Theorem 4.1.3a. Since by Re-
mark 4.1.4 resp. Theorem 4.1.2,V1 < i < n,U; Cw d(U:) resp. d(U;) = L;, then by Lemma 4.1.2,
I' C envy;.
2. Let T = (zX : Up), where FV(M) = {11 252 .. zlr} and V1 < i < n, d(U}) = L;.
L

By Remark 4.1.4, U; C w%. By Lemma 4.1.1, ' C env$, = (ai :
M : (env§, 3 w¥M)) we have by C and Co. M :(I'ks WMDY,

w®),. Since by w,

3. If) Let 2/ € dom(Ty) and 2/ € dom(I'y) then by Theorem 4.1.3a, 2! € FV(M;) and 7 €
FV(Mj3) so I'y o I'y. Only if) Let ! € FV(M;) and 27/ € FV(M>) then by Theorem 4.1.3a,
x! € dom(I'1) and 27 € dom(T'3) so M; o M.

g
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5. Subject reduction and expansion properties

Now we list the generation lemmas for the three type systems (for proofs see [13]).

Lemma 5.1. (Generation for 1)
1. Ifz" : (' T, then ' = (2™ : 7).

2. If Xa™. M : (T Ty — Th), then M : (', 2™ : Ty 1 Tv).

3. If MN : <F Fq T> then ' =Ty My, T = ﬂ?:lgi(lsmi)ﬂ’ n>1m; >0, M : <F1 Fq
ﬂyzlgi(lzmi)(ﬂl — Tj))and N : (T'y |_|;'1=15i(1:1m)Ti,>-

Lemma 5.2. (Generation for -5)
1. Ifz" : (' 2 U), then ' = (2™ : V') where V C U.

2. If Xa". M : (I' ko U) and d(U) = m, then U = I‘Ileéi(l:m)(% — T;) where k& > 1 and
Vi<i<k M: <F,.’En : gi(l:m)‘/i 2 gz(lm)n>

Lemma 5.3. (Generation for |-3)
1. Ifal . (T3 U), thenT = (21 : V) and V C U.

2. If \e®.M : (T 3 U), 2 € FV(M) and d
where p > 1 and forall: € {1,...,p}, M :

)=K,thenU = v or U = M_ ex(V; — T;)
,xl e Vi ks exT).

U
r
U)=K,thenU = v or U = _ ex(V; — T;)
r

(
(
3. If Aol .M . (D 3 U), 2 ¢ FV(M) and d(
(T b3 €xT;).

)
where p > 1 and forall: € {1,...,p}, M :

4. If M 2% (T, (2% : U) F3 T) and 2% ¢ FV(M), then M : (T 3 U — T).

Proof:
1. By induction on the derivation z : (I' -3 U). 2. By induction on the derivation Az”.M : (T I3 U).
3. Same proof as that of 2. 4. By induction on the derivation M z* : (I', 2% : U 3 T). O

We also show that no 3-redexes are blocked in a typable term.

Lemma 5.4. (No S-redexes are blocked in typable terms)
Leti € {1,2}and M : (I' F; U). If (Az™.M1)M> is a subterm of M, then d(M2) = n and hence
()\CCan)MQ >3 My [CC” = MQ]

Lemma 5.5. (Substitution for -5 and F3)
Leti€ {2,3}. It M : (D,z! : U V), N: (A+; U)and M o N then M[z! := N]: (TN A F; V).

Proof:
By induction on the derivation M : (I',z! : U I; V). O

Lemma 5.6. (Substitution and Subject G-reduction fails for i)
Let a, b, c be different elements of .A. We have:

L (A20.2%%)(y%2%) > (y°2°) (")
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2. A% (102 s (1 b — ((a — ¢)Ma), 2’ : by c).
3. 2920 : (20 : (a — ¢)Maty ).

4. Itis not possible that

Y0202 : (4 :b— ((a — c)Ma),2° : by c).
Hence, the substitution and subject G-reduction lemmas fail for .

Proof:
1..3 are easy. For 4, assume (y°2°)(y°2°) : (4° : b — ((a — ¢)Ma), 2% : b+ ¢). By lemma 5.1.3 twice
using lemmas 4.1 and 5.1.1:

e 4020 : (40 :b— ((a—c)Ma),2’ bk M (T; — ¢)).
e 0 (0 :b— ((a—c)Na)l1b— (a—c)Ma).
o 20: (2% by b).
« L (Ti— )= (a—dna
Hence a = T; — c for some T;. Absurd. O

Nevertheless, we show that SR and subject expansion for 3 using 5 holds. This will be used in the
proof of completeness (more specifically in lemma 7.2 which is basic for the completeness theorem 7.1).

Lemma 5.7. (Subject reduction and expansion for 3 and I-»)
LIfM: Tty U)and M >3 N, then N : (I' 2 U).

2. 1N : (Db U) and M % N then M : (T k- U).

Since -3 does not allow weakening, we need the next definition since when a term is reduced, it may
lose some of its free variables and hence will need to be typed in a smaller environment.

Definition 5.1. If I' is a type environment and &/ C dom(I"), then we write I" [ for the restriction of I"
on the variables of . If Y = FV (M) for a term M, we write I" [ instead of T’ TFV(M)-

Now we are ready to prove the main result of this section:

Theorem 5.1. (Subject reduction for 3)
If M: (I kF3U) andMDR7 N,then N : (T [yF3 U).

Proof:
By induction on the derivation M : (I' k3 U). O

Corollary 5.1. 1. If M : (T' 3 U) and M >3 N, then N : (' [yb3 U).
2. If M : (Tt U)and M >} N, then N : (T [ybs U).

The next lemma is needed for expansion.
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Lemma 5.8. If M[z! := N]: (I' /3 U), d(N) = L and x* € FV(M) then there exist a type V and
two type environments I';, I'y such that d(V') = L and:
M : Ty, 2l V5 U) N:(Tyk3V) L=T;MNTy

Proof:
By induction on the derivation M [z” := N] : (I" -3 U). 0

Since more free variables might appear in the (-expansion of a term, the next definition gives a
possible enlargement of an environment.

Definition 5.2. Let m > n, I = (zX : U)), and U = {z¥,... zLm}. We write T for 21"
U,...,xkn Un,xﬁﬁl cwhnrr o pkms bm Tf dom(T) € FV(M), we write T'T instead of
TEV(M),

We are now ready to establish that subject expansion holds for § (next theorem) and that it fails for
7 (Lemma 5.9).

Theorem 5.2. (Subject expansion for 3)
IfN: (T k3 U)and M >% N, then M : (TTM 3 U).

Proof:
By induction on the length of the derivation M >} N using the fact that if FV(P) C FV(Q), then
(T17)19 = 1<, 0

Corollary 5.2. If N : (I' -3 U) and M >} N, then M : (I'TM 15 U).

Lemma 5.9. (Subject expansion fails for 7)
Let a be an element of A. We have:

1. Ay@ Az .y22% > Ay@.y?
2. MyPy? () F3a— a).

3. Itis not possible that: A\y? . \z?.y%z? : {() F3 a — a).
Hence, the subject n-expansion lemmas fail for 3.

Proof:

1. and 2. are easy. For 3., assume A\y? . \z?.y%z9 : (() F3 a — a).

By Lemma 5.3.2, \z©.y%z? : ((y : a) F3— a). Again, by Lemma 5.3.2, a = w? or there exists n > 1
such that a = M}"_, (U; — T;), absurd. O

6. Realisability

Crucial to a realisability semantics is the notion of a saturated set:

Definition 6.1. (Saturated sets)
Leti € {1,2,3}and X, Y C M,.
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1. We use P(X) to denote the powerset of X, i.e. {) | Y C X}.

2. Wedefine X ~ Y = {M € M; |YN € X. MoN = MN € V}.

3. We say that X' YV iff forall M € X ~ ), there exist N € & such that M ¢ N.

4. Forr € {3, 0n, h}, we say that X is r-saturated if whenever M >* N and N € X, then M € X.

Saturation is closed under intersection, lifting and arrows:

Lemma 6.1. 1. If X, ) are r-saturated sets, then X’ N ) is r-saturated.
2. If X C Mj is r-saturated, then X't is r-saturated.
3. If ¥ C M, is r-saturated, then X' is r-saturated.
4, Let X, Y C Moy (resp. M3). If ) is r-saturated, then, for every set X', X ~» ) is r-saturated.
5. IfX,Y C Mathen (X ~ V)T C X ~ YT,
6. If X, C Msthen (X ~ Y)T" C X+~ Yo,
7. Let X, Y C Mo f X YT, then Xt ~ YT C (X~ V)T
8. Let X,V C M3. If Xt Y+ then X1~ YHi C (X ~ V)T
9. Forevery n € N, the set M" is saturated.
The interpretations and meanings of types are crucial to a realisability semantics:

Definition 6.2. (Interpretations and meaning of types)
Let V = Vi UV, where V; N Vo = () and V), Vs, are both countably infinite. Let ¢ € {1,2,3}.

1. Letz € V; and I an index. We define N/ = {z! Ni...N, € M; | k > 0}.
2. In AN, letr = Band Iy = 0. In \*Y, let r € {3, Bn, h} and Iy = ©.

(a) An r;-interpretationZ : A — P(Mfo) is a function such that for all a € A:
e Z(a)is r-saturated o In A\, Z(a) CM°  eVx €V, Nl CZ(a).

(b) Let an r;-interpretation Z : A — P(M{O). We extend Z (to U; in case of AI" and to Us in
case of \£M) as follows:

e Z(U; NUs) =Z(Uy) NZ(Ua) e I(U—-T)=Z(U)~ I(T)
In AT e Z(eU)=ZI(U)*"
In \&n: o I(wh) = M¥ e Z(g;U) =Z(U)*

Because N is commutative, associative, idempotent, (X NY)T = X*NYT and (XNY) T =
XT N YT, T is well defined.
Let r;-int = {Z | Z is an r;-interpretation}.
(c) LetU € U;. Letr € {3, Bn, h}. Define [U],,, the r;-interpretation of U by:
[Ulr, ={M € M; | M isclosed and M € (7, _ins Z(U)}
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It is easy to show that in AI™, if 2 Ny...Nj, € N thenV 1 < i < k, d(N;) > n. Hence, in A1V,
we have NV = {z™ N1...N, e M | k > 0}.
Type interpretations are saturated and interpretations of good types contain only good terms.

Lemma 6.2. Letr € {3, On, h}. Leti € {2,3}.

1. (a) Forany U € U; and Z € r;-int, we have Z(U) is r-saturated.
(b) Ifd(U) = L and T € r3-int, then for all z € V;, Nl C Z(U) € M¥E.
(c) If U is a good type such that d(U) = n and Z is an ro-interpretation, then Vax € Vi, 2" €
N™ C I(U) C M™.
2. Letr € {8,0n,h}. fZ € ry-intand U C V, then Z(U) C Z(V).

Proof:

la . By induction on U using lemma 6.1.

1b. We prove Vz € V1. NX C Z(U) € MZ by induction on U.

lc. Obviously, 2" € N*. We prove N C Z(U) € M" by induction on U good.

2. By induction of the derivation U C V. O

Corollary 6.1. (Meanings of good types consist of good terms)
On Uy (hence also on Uz) we have: If U is a good type such that d(U) = n then [U]g, € M".

Proof:
Simply note that by lemma 6.2, for any interpretation Z, Z(U) C M". O

Lemma 6.3. (Soundness of F1/-2/F3)
Leti € {1,2,3},r € {8,8n,h}.T € ry-int. Let M : ((z} : Uy)n b U) and V1 < j < n, Nj € Z(Uj),
If o{M, N1, Na, ..., N}, then M[(z := N;)] € Z(U).

Proof:
By induction on the derivation M : <(:c§] :Uj)n B3 U). 0

Corollary 6.2. Letr € {,0n,h}andi € {1,2,3}. If M : (() F; U), then M € [U],.

Proof:
By Lemma 6.3, M € Z(U) for any r;-interpretation Z. By Lemma 4.2, FV(M) = dom(()) = 0 and
hence M is closed. Therefore, M € [U],,. 0

Lemma 6.4. (The meaning of types is closed under type operations)
Letr € {,8n,h} and j € {1,2, 3}. The following hold:
1. [eU],, = [U],}} andif k € {1, 2} then [eU],, = [U]}

Tk

2. [UNV],, = [Ul,,

J

A V],

J

3. If U — T € Us then for any interpretation Z, Z(U)  Z(T).
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4. If U — T is good then for any interpretation Z, Z(U) 1 Z(T).

5. On Uy only (since eU — eT ¢ Usy), we have:
If U — T is good, then [e(U — T')|g, = [eU — eT,.

Proof:
1. and 2. are easy.

3. Letd(U) = L, M € Z(U) ~ Z(T) and = € V; such that for all K, z* ¢ FV(M), hence M oz’
and by lemma 6.2, z* € Z(U).

4. Letd(U) =nand M € Z(U) ~ Z(T). Take = € V; such that Vp € N, 2P ¢ FV(M). Hence,
M ¢ z™. By lemma 3.1, U is good and by lemma 6.2, 2™ € Z(U).

5. Since U — T is good, then, by lemma 3.1, U, T are good and d(U) > d(7T"). Again by lemma 3.1,
eU, eT are good, d(eU) > d(eT) and eU — €T is good. Hence by 3. above, Z(U)T 1 Z(T)™".
Thus, by lemma 6.1.5, for any interpretation Z we have Z(e(U — T')) = Z(eU — €eT).

The next definition and lemma put the realisability semantics in use.

Definition 6.3. (Examples)
Let a,b € A where a # b. We define:

e Idy=a—a,Idy =ei(a— a)and Id] = eja — eja.
e D= (aM(a— b)) —b.

e Naty=(a — a) — (a — a), Nat; = e1((a — a) — (a — a)),
and Natj = (eja — a) — (eja — a).

Moreover, if M, N are terms and n € N, we define (M)™ N by induction on n: (M)® N = N and
(M)™ Tt N = M ((M)™ N).

Lemma 6.5. 1. [(aMb) — alg, = {M € M" | M >} xy°.4°}.
2. Itis not possible that Ay%.3/° : () 1 (aMb) — a).
3. 0090 () F2 (@) — a).
4. [Idolg, ={M e M3 | M > Ay@y@l.
5. [di]g, = [Idy]s = {M € MY | M % xy® .y}, (Note that Id; & Us.)
6. [D]g, = {M € M5 | M >3 \y® y2y°}.
7. [Natolg, = {M € MZ | M > Af2.f€ or M 5 Af€ xy?.(f9)"y® where n > 1}.
8. [Naty]g, ={M € /\/l | M7 MWD or M > AW Xz® (FD)yny(D) where n > 1}.

9. [Natplg, = {M € M | M 5 \f2.f2 or M 5 Af2 gD, f2 D},
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7. The challenges of completeness in \/™

In this paper we are concerned with two realisability semantics of E-variables. These semantics are
based on a hierarchy of types and terms. Considering how expansions can introduce new substitutions,
new expansions and an unbounded number of new variables (even E-variables), it became clear that to
give meanings to expansions, we needed to use a hierarchy on types and terms. At first, one thinks of
labeling types and terms with a natural number and this is the hierarchy we used in A\I"N. When assigning
meanings to types, we ensured that each use of E-variables simply changes the labels and that each E-
variable acted as a kind of capsule that isolates parts of the A-term being analyzed by the typing. This
captured accurately the intuition behind E-variables. However, this indexing poses two problems: it
imposes that the type w should have all possible indexes (which is impossible and hence we eliminated
w from the type systems for M) and it implies that the realisability semantics can only be complete
when a unique E-variable is used (as we will see in this section). In order to understand the challenges
of the semantics of E-variables with w and to understand the idea behind the hierarchy, we first studied
the AI-calculus typed with two representative intersection type systems. The restriction to Al (where in
every (A\x.M) the variable x must appear free in M) was motivated by not knowing how to support the
w type while preserving the intuitive levels made of single natural numbers. For |-, the first of these
type systems (the most natural), we showed that subject reduction and hence completeness do not hold.

Remark 7.1. (Failure of completeness for 1)

Items 1, 2 and 3 of Lemma 6.5 show that we can not have a completeness result (a converse of lemma 6.3
for closed terms) for 1. To type the term A\y.y° by the type (a 1b) — a, we need an elimination rule
for M which we do not have in .

Note that failure of completeness for I is related to the failure of its subject reduction. So, one might
think that since -5, the second type system for A\I'V, has subject reduction, its semantics is complete. This
is not the case.

Remark 7.2. (Failure of completeness of -, if more than one E-variable is used)
Leta € A, e1,e3 € €, e1 # eg and Nat] = (eya — a) — (eaa — a). Then:
1) Af2.f0 € [Naty] and 2) It is not possible that Af0. f0 : (() o Naty).
Hence \f0.f0 € [Nat]] but AfC. £ is not typable by Nat{ and we do not have completeness in the
presence of more than one expansion variable.

However, we will see that we have completeness for I if only one expansion variable is used.

7.1. Completeness of |-, with one expansion variable

The problem shown in remark 7.2 comes from the fact that for the realisability semantics that we consid-
ered for -2, we identify all expansion variables. In order to give a completeness theorem for -5, we will
in what follows restrict our system to only one expansion variable. In the rest of this section, we assume
that the set £ contains only one expansion variable €.

The need of one single expansion variable is clear in part 2) of lemma 7.1 which would fail if we use
more than one expansion variable. For example, if e; # ey then (e1a)” = a = (eza)™ but eja # eza.
This lemma is crucial for the rest of this section and hence, a single expansion variable is also crucial.
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Lemma7.1. LetU,V € Ugand d(U) =d(V) >0. D)eaU~ =U and2)If U~ =V ", thenU = V.

Despite the difference of the number of expansion variables used in this completeness proof and
that of the next section, there are a number of similarities of both proofs. We still write these two
proofs independently to illustrate the method and especially since the proof for this section is far simpler.
Furthermore, we only show the semantics in this section for 3-reduction (although the semantics works
for all our notions of reductions as we show in the next section).

The first step of the proof is to divide {y" | y € V»} disjointly amongst types of order 7.

Definition 7.1. Let U € Us. We define the set of variables V7 by induction on d(U). If d(U) = 0,
then: Vy is an infinite set of variables of degree 0; if y° € Vy, then y € Vo; and if U # V and
d(U) =d(V) =0, then Vy N Vy = 0. Ifd(U) = n + 1, then we put Vi; = {y" 1 |y € V- }.

Our partition of Vs allows useful infinite sets which contain type environments that will play a crucial
role in one particular type interpretation. These sets and environments are given in the next definition.

Definition 7.2. 1. Letn € N. Welet G" = {(y" : U) | U € Uy, d(U) = n and y™ € Vy} and
H" = UmZn G™. Note that G" and H" are not type environments because they are infinite sets.

2. Letn € N, M € Mg and U € Us, we write M : (H" 5 U) iff there is a type environment
I' Cc H" where M : (I' o U)

Now, for every n, we define the set of the good terms of order n which contain some free variable z*
where x € V; and i > n.

Definition 7.3. Letn € Nand O" = {M € M" | 2* € FV(M) where z € V; and i > n}. Obviously,
ifn € Nand x € Vi, then N} C O".

Here is the crucial J»-interpretation I for the proof of completeness:

Definition 7.4. Let I be the (-interpretation defined by:
for all type variables a, I(a) = O° U{M € MY | M : (H° -5 a)}.

I is indeed a [2-interpretation and the interpretation of a type of order n contains the good terms of
order n which are typable in the special environments which are parts of the infinite sets of definition 7.2:

Lemma7.2. 1. [isa Be-interpretation. Le., Va € A, I(a) is 3-saturated and Yz € Vi, N? C I(a) C
M.

2. IfU € Ugis good and d(U) = n, then [(U) = O"U{M e M" | M : (H" o U)}.
I is used to prove completeness (the proof is on the authors web pages).

Theorem 7.1. (Completeness)
Let U € Uz be good such that d(U') = n. The following hold:

L. [Ulg,={MeM" | M: ()2 U)}.
2. [Ulg, is stable by reduction: i.e.,if M € [U]g, and M >3 N, then N € [U]g,.
3. [U]pg, is stable by expansion: i.e.,if N € [U]g, and M >3 N, then M € [U]g,.
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8. Completeness in \**

Having understood the challenges of E-variables and the difficulty of representing the type w using
natural numbers as indices for the hierarchy, we moved to the presentation of indices as sequences of
natural numbers and we provided our third type system 3. We developed a realizability semantics where
we allow the full A-calculus, an arbitrary (possibly infinite) number of expansion variables and where w
is present, and we showed its soundness. Now, we show its completeness.

We need the following partition of the set of variables {y” | y € V»}.

Definition 8.1. 1. Let L € Ly. We define U} = {U € U3 | d(U) = L} and VX = {aF | 2 € V).
2. Let U € Us. We inductively define a set of variables V; as follows:
e Ifd(U) = @ then:
— Vy is an infinite set of variables of degree ©.
- IfU #Vandd(U) =d(V) = @, then Vi N Vy = 0.
- UUelU? Vy =V@.
e Ifd(U) = L, thenwe put Vi; = {3y | y© € V-1 }.
Lemma8.1. 1. Ifd(U),d(V)>=LandU * =V~ thenU =V.
2. Ifd(U) = L, then Vy; is an infinite subset of V'
3. If U # Vand d(U) = d(V) = L, then Vi NV, = ().
4. Uper Vv = V"
5. If yL € Vy, then yi::L € Vgu.
6. If y**L' € Vy, then y* € V.

Proof:

1.If L = (n;)m, wehave U =&, ...€,, U andV =&,, ...€,, V' . Then UL = U, VL = V' and
U=V .ThsU=1V.

2., 3. and 4. By induction on L and using 1.

5. Because (¢;U) " = U.

6. By definition. O

Our partition of the set V5 as above will enable us to give in the next definition useful infinite sets
which will contain type environments that will play a crucial role in one particular type interpretation.

Definition 8.2. 1. Let L € Ly. We denote GV = {(y* : U) | U € UL and y* € Vy} and
HY = KL G*. Note that G* and H’ are not type environments because they are infinite sets.

2. Let L € Ly, M € M3 and U € Us, we write:

e M : (H* 3 U) if there is a type environment I' C H* where M : (I' -3 U)
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o M:(H"F;U)if M Nand N : (H" 3 U)

Lemma8.2. 1. If " C H” then OK(T).
2. If T ¢ HE then g, ¢ HEL,
3. If T’ ¢ H*L then T~ C HE.

4, Ty cHY, Ty c HE and L < K then Ty M Ty ¢ HE,

Proof:

l.Letz® : U € I'then U € UX and so d(U) = K. 2. and 3. are by lemma 8.1. 4. First note that by 1.,
'y Ty is well defined. HX C HE. Let (:UR : Uy NUy) € Ty M TNy where (xR :Up) el C HZE and
(xft 1 Uy) € Ty c HEX C HE, then d(U) = d(Uz) = R and 2* € V5, N Vy,. Hence, by lemma 8.1,
Up=Uyand'1 My =T UTy C HE O

For every L € Ly, we define the set of terms of degree L which contain some free variable z/ where
rze€Viand K = L.

Definition 8.3. For every L € Ly, let OF = {M € M¥ | 25 € FV(M), 2z € Vy and K = L}. Ttis
easy to see that, for every L € Ly and z € Vi, Nt C OF.

Lemma83. 1. (O1)* = O#L,
2. If y € Vo and (My®) € OF, then M € OF
3. fM e OF, Mo Nand L < K = d(N), then MN € OF.
4. Ifd(M)=L,L<K,MoN and N € O, then MN € OF.

The crucial interpretation I for the proof of completeness is given as follows:

Definition 8.4. 1. Let I3, be the Bn-interpretation defined by: for all type variables a, Ig,(a) =
OPU{M e MS | M : (H? -} a)}.

2. Let I be the S-interpretation defined by: for all type variables a, [3(a) = OYU{M € M3® | M :
(H® 3 a)}.

3. Let I, be the h-interpretation defined by: for all type variables a, I;,(a) = O? U {M € MY |
M : (H® b3 a)}.

The next crucial lemma shows that I is an interpretation and that the interpretation of a type of order
L contains terms of order L which are typable in these special environments which are parts of the infinite
sets of Definition 8.2.

Lemma 8.4. Letr € {4n,3,h} andr’ € {3, h}

1. If I, € r-intand a € A then I.(a) is r-saturated and for all z € V;, N2 C I,.(a).
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2. IfU € Uz and d(U) = L, then I, (U) = OL U{M e ML | M : (HE 5 U)}.
3. fU € Usand d(U) = L, then I, (U) = OF U{M € M% | M : (H" -3 U)}.

Now, we use this crucial I to establish completeness of our semantics.

Theorem 8.1. (Completeness of -3)
Let U € Us such that d(U) = L.

L. [Ulgys ={M € M5 | M closed, M >% N and N : () k3 U)}.
2. [Ulg, = [Ulny ={M € M | M : (() k3 U)}.
3. [U]pys is stable by reduction. Le., If M € [U]g,, and M >3, N then N € [U]gy,.

Proof:
Letr € {8, h, On}.

9.

1. Let M € [U]gy,. Then M is a closed term and M € I,(U). Hence, by Lemma 8.4, M ¢

OLu{M e MY | M : (HF -5 U)}. Since M is closed, M ¢ OF. Hence, M € {M € ML |
M : (H* 5 U) and so, M >% N and N : (T -3 U) where I' C H". By Theorem 2.1, N is
closed and, by Lemma 4.1.3a, N : (() F3 U).

Conversely, take M closed such that M >3 N and N : (() -3 U). Let T € f-int. By Lemma 6.3,
N € Z(U). By Lemma 6.2.1, Z(U) is 3n-saturated. Hence, M € Z(U). Thus M € [U]ay,.

2. Let M € [Ulg,. Then M is a closed term and M € Ig(U). Hence, by Lemma 8.4, M <

Ol u{M e MY | M : (H* 5 U)}. Since M is closed, M ¢ OF. Hence, M € {M € ML |
M : (HY 3 U)} and so, M : (I' -3 U) where I’ C HE. By Lemma 4.1.3a, N : {() 3 U).

Conversely, take M such that M : (() k3 U). By Lemma 4.1.3a, M is closed. Let Z € (3-int. By
Lemma 6.3, M € Z(U). Thus M € [U]g,.

It is easy to see that [U]g, = [U]p,.

3. Let M € [U]gy, such that M >3 N. By 1, M is closed, M >3, P and P : (() k3 U). By

confluence Theorem 2.2, there is @ such that P >3 @ and N >3 (. By subject reduction
Theorem 5.1, @ : (() F3 U). By Theorem 2.1, N is closed and, by 1, N € [U]3,,.
g

Conclusion

Expansion may be viewed to work like a multi-layered simultaneous substitution. Moreover, expansion
is a crucial part of a procedure for calculating principal typings and helps support compositional type in-
ference. Because the early definitions of expansion were complicated, expansion variables (E-variables)
were introduced to simplify and mechanize expansion. The aim of this paper is to give a complete
semantics for intersection type systems with expansion variables.

We studied first the \IN-calculus, an indexed version of the \I-calculus. This indexed version was

typed using first a basic intersection type system with expansion variables but without an intersection
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elimination rule, and then using an intersection type system with expansion variables and an elimination
rule.

We gave a realisability semantics for both type systems showing that the first type system is not
complete in the sense that there are types whose semantic meaning is not the set of AIN-terms having
this type. In particular, we showed that \y°.4? is in the semantic meaning of (a I b) — a but it is
not possible to give A\y".y” the type (a M b) — a. The main reason for the failure of completeness
in the first system is associated with the failure of the subject reduction property for this first system.
Hence, we moved to the second system which we showed to have the desirable properties of subject
reduction and expansion and strong normalisation. However, for this second system, we showed again
that completeness fails if we use more than one expansion variable but that completeness succeeds if we
restrict the system to one single expansion variable.

In order to overcome the problems of completeness, we changed our realisability semantics from
one which uses indices as natural number to one that uses the indices as lists of natural numbers. The
new semantics is more complex and we lose the elegance of the first (especially in being able to define
the so-called good terms and good types). However, we show that this second semantics has all the
desirable properties of a type systems and it handles all of the lambda calculus (not simply the AI-
calculus). We also show that this second semantics is complete when any number (including infinite)
of expansion variables is used. As far as we know, our work constitutes the first study of a denotational
semantics of intersection type systems with E-variables (using realizability or any other approach) and
of the difficulties involved.

In this article we are not interested in a denotational semantics or at least we are not interested in
an extensional lambda model interpreting the terms of the untyped lambda-calculus. Instead, we are
interested in building a realisability semantics by defining sets of realisers (functions/programs satisfy-
ing the requirements of some specification) of types. Such a model would help to highlight the relation
between typable terms of the untyped lambda-calculus and types w.r.t. a type system. Moreover, inter-
preting types in a model helps to understand the meaning of a type (w.r.t. the model) which is defined
as a purely syntactic form and is clearly used as a meaningful expression (as the integer type, whatever
its notation is, which is always used as the type of each integer). An arrow type expresses functionality.
In that way, models based on lambda-models have been built for intersection type systems [8]. In these
works, intersection types (introduced to be able to type more terms than in the Simply Typed Lambda
Calculus) are interpreted by set-theoretical intersection of meanings. Even if expansion variables have
been introduced to give a simple formalisation of the expansion mechanism, i.e. as a syntactic object,
we are interested in the meaning of such a syntactic object. We are particularly interested in answering a
number of questions which include:

1. What does an expansion variable applied to a type stand for?
2. What are the realisers of such a type?
3. How can the relation between terms and types be described w.r.t. a type system?

4. How can we extend models such as the one given in [12] to a type system with expansion?
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